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Abstract

This paper examines structural change tests based on generalized empirical likelihood methods in the time
series context. Standard structural change tests for GMM with strongly identified parameters are adapted
to the GEL context. We show that when moment conditions are properly smoothed, these test statistics
converge to the same asymptotic distribution as in GMM, in cases with known and unknown breakpoints.
New test statistics specific to GEL methods are also introduced. Finally, we propose stability tests in the
GEL framework that are robust to weak identification and dependent data. A simulation study examines
the small sample properties of the tests.
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1 Introduction

Recently, a number of alternative estimators to GMM have been proposed. Hansen, Heaton and Yaron (1996)
suggested the continuous updated estimator (CUE) which shares the same objective function as GMM but with
a weighting matrix that depends on the parameters of interest. The empirical likelihood (EL) (see Qin and
Lawless (1994)) and the exponential tilting (ET) estimators (see Kitamura and Stutzer (1997)) have also been
proposed. Newey and Smith (2004) showed (in an i.i.d. setting) that, although estimators based on the GMM,
EL, ET or that are CUE have the same asymptotic distribution, they have different higher order asymptotic
properties. Amongst their findings it is shown that the expression for the second order asymptotic bias of GEL
has fewer components than the one for GMM (with EL having the fewest). Anatolyev (2005) extended the
Newey and Smith setting to allow for serial correlation and showed that smoothing the moment conditions
reduces bias even further. These alternative estimators are special cases of the generalized empirical likelihood
(GEL) class considered by Smith (1997).

An important aspect of the validation of an estimation strategy is the stability of the parameters of interest
and the respective objective function used. In particular, GMM and GEL suppose that the parameters of
interest and moment restrictions are stable across time. To our knowledge, structural change tests based on
GEL have not yet been proposed. In view of the importance of detecting structural changes and given the recent
developments of GEL methods as an alternative to GMM, it appears important to study structural change tests
for these methods of estimation.

In that respect, a class of partial-sample GEL (PS-GEL) estimators is introduced and we establish the weak
convergence of the resulting parameter vector to a function of Brownian motions. We also show that the PS-
GEL estimators of the Lagrange multiplier parameters also weakly converge to a function of Brownian motions
uncorrelated to the asymptotic distribution of the vector of parameters. These asymptotic distributions are
derived under the null hypothesis of stability and general alternatives of structural change (see Sowell, 1996) for
an unknown breakpoint. These results allow us to derive the asymptotic distributions of structural change tests
in the GEL context. We consider cases of structural change which can occur in the parameters of interest or
in the overidentifying restrictions used to estimate these parameters. As in Andrews (1993), we study standard
Wald, LM anf LR types test statistics for parameters instability in cases of pure structural change test when
the entire parameter vector is subject to structural change and partial structural change where only a subset
of the parameter vector is subject to structural change. We show that these statistics when computed with
smoothed moment conditions follow the same asymptotic distribution than in the GMM context (Andrews,
1993). Second, we examine tests for the stability of overidentifying restrictions. An equivalent test statistics to
Hall and Sen’s (1999) statistics in the GMM context is adapted to the GEL for smoothed moment conditions.

Two new tests specific to the GEL framework are proposed to detect instability of overidentifying restrictions.



We show that these new statistics have the same asymptotic distribution at first order than the one derived by
Hall and Sen (1999).

Recently, weak identification has received a large amount of attention (Stock and Wright, 2000). When
the presence of weak instruments is suspected, robust structural change tests to weak identification need to
be implemented. This paper proposes test statistics of structural change in the context of weakly identified or
completely unidentified cases for the GEL framework. The first one is based on a renormalized criterion function
of GEL evaluated at a restricted PS estimator. The second is asymptotically equivalent to the first and is based
on the Lagrange multiplier of the restricted partial-sample estimator. The second group of tests includes a test
statistic derived from a GEL criterion that uses moment conditions corresponding to the first-order conditions
of the restricted PS-GEL estimator whose dimension is identical to the number of parameters and a statistic
based on the corresponding Lagrange multiplier. Under weak identification or completely unidentified case,
these test statistics are not asymptotically pivotal. As in Caner (2007), we show that their limits are bounded
by a distribution which is nuisance parameter free and robust to identification problems. For the first group, the
asymptotic bound is a function of the number of moment conditions while for the second group, the asymptotic
bound depends on the number of parameters. The derivation of the bound under general local alternatives
shows that the first group can have power against instability of parameter values or overidentifying restrictions
while the second group is specifically designed to detect parameters instability.

The main findings of the simulation study are summarized as follows. We find that the average and expo-
nential versions of the Lagrange multiplier-based test, one of the new test proposed, has very good rejection
frequencies under the null hypothesis. Further this newly proposed test has the highest power. Given that
this test statistic targets structural changes in the overidentifying restrictions and that standard tests for a
structural change in the parameter vector (e.g., Wald and LR tests) have lower power, it appears that testing
for an unknown change in the overidentifying restrictions is important in empirical applications.

The paper is organized as follows. Section 2 presents formally the full-sample and partial-sample GMM and
GEL estimators. Section 3 presents the test statistics proposed and their respective asymptotic distributions.

The simulation results are in Section 4 while the proofs are in the Appendix.

2 Full and partial-samples GMM and GEL estimators

To establish the asymptotic distribution theory of tests for structural change we need to elaborate on the
specification of the parameter vector in our generic setup. We will consider parametric models indexed by
parameters (3,d) where § € B, with B C R" and 6 € A C R”. Following Andrews (1993) we make a distinction
between pure structural change when no subvector § appears and the entire parameter vector is subject to

structural change under the alternative and partial structural change which corresponds to cases where only a



subvector [ is subject to structural change under the alternative. The generic null can be written as follows
(the S stands for stability):
HY :Bi=p3 vt=1,...,T. (1)

The tests considered assume as alternative that at some point in the sample there is a single structural

break, like for instance:

B = Bi(s) t=1,..,[sT)
t Bo(s) t=[sT]+1,...T

where s determines the fraction of the sample before and after the assumed breakpoint and [.] denotes the
greatest integer function. The separation [T's] represents a possible breakpoint which is governed by an unknown
parameter s. Hence, we will consider a setup with a parameter vector which encompasses any kind of partial
or pure structural change involving a single breakpoint. In particular, we consider a p dimensional parameter
vector 8 = (1, 05,0")" where 51 and 3 € B C R" and § € © = B x B x A C RP where p = 2r + v. The
parameters 7 and (2 apply to the samples before and after the presumed breakpoint and the null implies that:

HE 1= B2 = fo.. (2)

Thus, under the null, 8y = (3, 35, 65) .

We will formulate all of our models in terms of §. Special cases could be considered whenever restrictions are
imposed in the general parametric formulation. One such restriction would be that 6y = (3, 35)’, which would
correspond to the null of a pure structural change hypothesis. Once we have defined the moment conditions

we will also translate this into overidentifying restrictions and relate it to structural change tests, following the

analysis of Sowell (1996b) and of Hall and Sen (1999).

2.1 Definitions

We assume a triangular array of random variables {xr; : 1 < ¢t < T,T > 1}. Triangular arrays of random
variables are required to study local power of the structural change tests. However, to simplify the notation x7
is denoted x; hereafter. Suppose a g x 1 vector function of data g(z¢, 3,0) which depends on some unknown
r + v-vector of parameters (5, 5’)' € B x A C R™ and that in the population their expected value is 0. That

is,
Elg(z¢, Bo, d0)] = 0.

Definition 2.1. The full-sample General Method of Moments estimator {BT,ST} is a sequence of random

vectors such that:

~ ~ / ~
/ 1 _ . 1
(ﬂTa(ST) =arg (ﬁ’ér)rggng(ﬁﬁ) Wrgr(8,9)



where Wy is a random positive definite symmetric q x q matriz and gr(f,0) = + Zthl g(x¢,B8,6). The optimal
weighting matriz is defined to be the inverse of the covariance matrix of the moment conditions, W = Q;l

where Qp is a consistent estimator of

T
Q= Tlgﬂoo Var (\/IT ;g(xt760760)> .

The optimal weighting matrix can be estimated consistently using methods developed by Gallant (1987),
Andrews and Monahan (1992) and Newey and West (1994), among several others. We call 7 = (B}, B, ot /
the full sample estimator of 6.

Several tests for structural change involve partial-sample GMM estimators defined by Andrews (1993).
We consider two subsamples, the first is based on observations ¢ = 1,...,[T's] and the second covers ¢ =
[Ts]+1,...,T where s € S C (0,1). The partial-sample GMM estimators based on the first and the second

subsamples are formally defined as:

Definition 2.2. A partial-sample General Method of Moments estimator {07(s)} is a sequence of random
vectors such that:

Or(s) = arg ggggT(Qy s)' Wr(s)gr(0, s)
foralls € S. Define g;(6,5) = (g(xt,41,6),0)) € R2Y fort = [Ts]4+1,...,T and (0, s) = (9(x, B32,6),0") €
R24%Y fort = [Ts] +1,...,T such that

[Ts]

Ly ain = 15

T
1 0
_~_7
th%_;’_l [ g(xtaﬁ275) ‘|

and WT(S) is a random positive definite symmetric 2q X 2q matriz.

wta/Bla

. N N . ! N
According to this definition, r(s) = (ﬂlT(s)', Bar(s), 5T(s)’) is a 2r + v-vector with an estimator Si7(s)
that uses the first subsample t = 1,...,[T's], an estimator Ba7(s) that uses the second subsample ¢ = [T's] +
1,...,7T and an estimator ST(s) that uses the entire sample.

The partial-sample optimal weighting matrix is defined as the inverse of Q(s) where

S g(xe, Bo, 6o) D

1
Q(s) = lim Var <
Zt:[T5]+1 g(x¢, Bo, do)

T—o00 \/T

which under the null (2) is asymptotically equal to

sQ) 0
0 (1-9)Q

Q(s) = [
To characterize the asymptotic distribution we define the following matrices:

T
.1 r
G7 = lim — ?ﬂ: Edg(x1, o, 80)/05 € R,



T
o1 Z v
G6 = Th—I»I;O ? Eag(xtaﬂ(%(so)/aé, € qu ’

t=1

o= | 0 $G° | ¢ praxier),
0 (1-s)GP (1-s5)G°
In the GEL setting, the parameter vector is augmented by a vector of auxiliary parameters A where each
element of this vector is associated with an element of the smoothed moment conditions g;7(6) to be defined
below. The generic null hypothesis of no structural change for this vector of auxiliary parameters is written as

follows:

HS :X\i=X=0 Vt=1,...,T. (3)

As for the parameter vector 3, the tests we will consider assume as alternative that at some point in the
sample there is a single structural break, namely:

A — { A1(s) t=1,..,[sT]
Aa(s) t=I[sT]+1,..,T.

Thus, under the null HOS = A1 = A2 = Ag = 0. We will show later that a structural change in A is associated
with instability in the overidentifying restrictions.

As in the GMM context an adjustment for the dynamic structure of g(xy,6) is also required in the GEL
context ( see Kitamura and Stutzer (1997), Smith (2000), Smith (2004) and Guggenberger and Smith (2008)).
The adjustment consists of smoothing the original moment conditions g(z;, #). Defining the smoothed moment
conditions as

1 A m
gir(B,6) = iy MZTk (MT) 9 (@Tt—m, 3,0)
fort =1,...,T and Mr is a bandwidth parameter, k(-) a kernel function and we define where k; = [*_k(a)’da.

The GEL criteria is then given by:
T

EN gir(6)) — po
Z[p( gT(>) 00

t=1

where k = % (see Smith (2004)).

We now formally define the restricted Generalized Empirical Likelihood (GEL) estimator using the entire
sample 07 = (Bé«, 5}),
Definition 2.3. Let p(¢) be a function of a scalar ¢ that is concave on its domain, an open interval ® that
contains 0. Also, let Ag (8,0) ={N: kNgr (8,0) e &, t =1,...,T} with k = % Then, the full-sample GEL
estimator {01} is a sequence of random vectors such that:

L o (kN gir (8,6)) — pol

T

- - i
(P 8r) =mre iy, oo
(B.8)EBXA \ R .1.(8,5) 1=1



where p;() = & p()/0¢7 and p; = p;(0) for j =0,1,2,... .

The criteria is normalized so that p; = ps = —1 (see Smith (2004)). As mentioned earlier, the GEL estimator
admits a number of special cases recently proposed in the econometrics literature. The CUE of Hansen, Heaton
and Yaron (1996) corresponds to the following quadratic function p(¢) = —(1+ ¢)?/2. The EL estimator (Qin
and Lawless, 1994) is a GEL estimator with p(¢) = In(1 — ¢). The ET estimator (Kitamura and Stutzer, 1997)
is obtained with p(¢) = — exp(9).

More precisely, the GEL estimator is obtained as the solution to a saddle point problem. Firstly, the criterion

is maximized for given vector (3,d). Thus,

T

A kX ,8)) —

At (B,0) = arg sup E [o( 9tTE[5 ) Po].
AEA(B,9) t=1

~ - !/
Secondly, the GEL estimator (B’T, 5}) is given by the following minimization problem:

(3051 = e i > (o (Kir (8,9) o (3:9) - ]

From now on, following Kitamura and Stutzer (1997) and Guggenberger and Smith (2008) we focus on the
truncated kernel defined by

k(xz) = 1if |x| < 1and k(z) = 0 otherwise

to obtain the following smoothed moment conditions®

Kr
1
gt (B,6) = mj:;( g(xtﬂﬁﬂa d)

where K7 is related to the bandwidth parameter My (see section 4). To handle the endpoints in the smoothing
we use the approach of Smith (2004) and Guggenberger and Smith (2008) which sets

1 min{t—1,Kr}

9r(B3,0) = 11 Z g(xt—4,,90).

j=max{t—T,—Kr}

We can easily show for this kernel that k = Z—; = 1. A consistent estimator of the long run covariance matrix

is then given by:

T
2Ky + 1 S
Qp = TT thT(@ 8)ger (Br, o1)"
=1

1We focus on the truncated kernel to simplify the notation and the proofs. Results derived in the following also holds for the
class of kernels K; considered in Andrews (1991). Moreover Anatolyev (2005) establishes that among positive kernels, only the
uniform truncated kernel proposed by Kitamura and Stutzer (1997) removes the bias component involved by the third moments of

the moment conditions.



The weighting matrix thus obtained using this type of kernel is similar to the one obtained with the Bartlett
kernel estimator of the long run covariance matrix of the moment conditions (see Smith (2004)). Define also

the derivatives of the smoothed moment conditions as:

Kr

Ger(8,0) = 2KT1 1 2 agéx(tﬂfi’;; =
Jj=—Kr
Now consider a possible breakpoint [T's]. Define the vector of auxiliary parameters A(s) = (X;, \5)" where
A1 is the vector of the auxiliary parameters for the first part of the sample (e.g., t =1,...,[Ts]) and A\ for the
second part of the sample (t = [T's]+1,...,T). The partial-sample GEL estimators for s € S based on the first

and the second subsamples are formally defined as:

Definition 2.4. Let p(¢) be a function of a scalar ¢ that is concave on its domain, an open interval ® that
contains 0. Also, let Ap (0, s) = {\s) = (N, M)« Ms) ger (0,5) € ®,t = 1,...,T} for all s € S, where
9er(0,8) = (9er(51,0)',0)) € R** for t = 1,...,[Ts] and gir(0,5) = (0, gi7(B2,9)) € R*¥>*! for t =
[Ts] +1,...,T with X(s) = (X, \y)" € R?*3*'. A partial-sample Generalized Empirical Likelihood (PS-GEL)
estimator {07(s)} is a sequence of random vectors such that:

T

/ J—
Or(s) = argmin  sup Z[p(A(s)gtT}Q’s)) Pol
€O \(s)err(0,5) 1=1
2 [pMgir (B1.9) = pol | = [p(Nyger (B2, 9)) — po]
= argmin sup Z L T’ + Z 2 T7
€0 \(s)ehr(0,5) \ i=1 t=[Ts]+1

To be more precise, the first-order conditions corresponding to the Lagrange multiplier A are obtained from

the maximization of the partial-sample GEL criterion for a given (1, 82,6. Thus for a given s

[T's] ’ _
Mr(Brd.s) = arg  sup g 1.0)) = o,
A EA1T(B1,6,8) t=1
T ’ -
Aor(B2,0,5) = arg  sup kg (%2.0)) = o

)\26327"(527&5) t=[T's]+1 T

with KlT (ﬁl,é, S) = {)\1 : k)\llgtT <ﬁ17(5> edt=1,..., [TS]} and KQT (ﬁ276,8) = {)\2 : k)\/zgtT (ﬁg,é) e Pt =
[Ts]+1,...,T}. The corresponding first-order conditions are given by:

(7]
%Zﬂl (5\1T(ﬂ1,5, S)'gtT(5175)) gir(B1,0) = 0
t=1

T
% Z p1 (;\2T(ﬁ2,5,8)/gtT(5175))gtT(ﬂzﬁ) = 0.

t=[T's]+1

~ ~ ~ ~ /
The partial-sample GEL estimators Or(s) = (ﬁlT(s)’,ﬁgT(s)’,éT(s)’) are the minimizer of the partial-
sample GEL criterion. By writing Ai7(s) = Mz (Bir(s),00(s),s) and Aar(s) = dor(Bor(s), dr(s), s), the



corresponding first-order conditions are:
(Ts]

*Zﬂl (MT 9tT(31T(8)»5T(8))> Gor(Bir(s), 7)) Mir(s) = 0,

Z P (AzT gtT(BZT(S)ng(s))>G?T(BQT(S)aST(S))/S‘QT(S) = 0,

t [Ts]+1

and writing A7 (07(s), s) = Ap(s) , the first-order conditions for & are
1 & N A A N
7301 (A () 9er(0r(5).)) G (Or (). 5) A (s) = 0.
t=1

The next Theorem shows the convergence in probability of {7(s), Ax(s), T > 1} and the corresponding rate

of convergence.

Theorem 2.1. If Assumptions 6.1, 6.2, 6.8, 6.5, 6.6 and 6.7 are satisfied then for every sequence of PS-GEL es-
timators {07 (s), Ar(s), T > 1}, SUPgcg Ar(s)

O, [(T/(QKT + 1)2)71/2} and sup g H Zt L9 ( 0T H = —1/2),

’éT s) — GOH 20 andsupses HS\T

Proof: See the Appendix.

Now we define the estimator

m@“ﬁ@u_$m)y
with
§M$_2M+%iﬁ 5r(5))ger (B (), b (5)
and
@mgzi&ghéfm@@@ww@mwmw

We denote {B(s) : s € [0,1]} as g-dimensional vectors of mutually independent Brownian motions on [0, 1]
and define

Q2 B(s)

T =1 sy - Bs))

where B(7) is a g-dimensional vector of standard Brownian motions.

The next Theorem shows the weak convergence of {f7(s), Ap(s), T > 1}.



Theorem 2.2. Under Assumptions 6.1 to 6.12 and the null of no structural change, every sequence of PS-GEL
estimators {07 (-), A\p(-), T > 1} satisfies

1

VT (0r()=60) = (G0YQ)G0)

VT
2Kt +1

G,

1

de() = (007 =907 (GOROTG0) T G ()

as a process indexed by s € S, where S has closure in (0,1) and the sequence GEL estimators éT() and the

auziliary sequence parameter estimator S\T() are asymptotically uncorrelated.

Proof: See the Appendix.

The purpose of the next subsection is to refine the null hypothesis of no structural change. Such a refinement
will enable us to construct various tests for structural change in the spirit of Sowell (1996a) and Hall and Sen
(1999). Next, we present tests for parameter constancy, tests for stability of overidentifying restrictions and

finally tests that are robust to some form of unidentification.

2.2 Refining the null hypothesis

The moment conditions for the full sample under the null can be written as: Fg:(8o,00) = 0,Vt = 1,...,T.
Following Sowell (1996a), we can project the moment conditions on the subspace identifying the parameters and
the subspace of overidentifying restrictions. In particular, considering the (standardized) moment conditions

for the full-sample GMM estimator, such a decomposition corresponds to:
Q7 Y2Eg (B0, 00) = PcQ™ 2 Egy(Bo, ) + (I; — Pa)Q /> Eg(Bo, 6o),

where Pg = Q712G [G'Q71G] 1 G'Q~1/2. The first term is the projection identifying the parameter vector
and the second term is the projection for the overidentifying restrictions. The projection argument enables us
to refine (split) the null hypothesis (2), Hy. For instance, following Hall and Sen (1999) we can consider the
null, H{(s), for the case of a single breakpoint in 3 by the projection on the space corresponding to G#, which

separates the identifying restrictions across the two subsamples:

H({(S) = PGﬁQ_l/ZE[gt(ﬁOa(SO)] = 0 Vt=1,..., [TS]
PesQ ' 2E[g:(Bo,%)] = 0  Vt=[Ts]+1,...,T.

Moreover, the overidentifying restrictions are stable if they hold before and after the breakpoint. This is

formally stated as HS (s) = H§(s) N HY?(s) with:

|
o

HP () : (I, — Pa)2 2 Elgi(Bo, 60)] =
HS?(s): (I, — Pa)Q Y2E[g:(Bo,00)] = 0  Vt=[Ts]+1,...,T.

Vi=1,...,[Ts]

10



We can then write the null hypothesis as HS = H{(s) & HE(s). The projection reveals that instability
must be a result of a violation of at least one of the three hypotheses: H{(s), H{!(s) or HS?(s). Note that
because the overidentifying restrictions are not used in estimation we can test their stability in each subsample.
In contrast, because the identifying restrictions are used in estimation we can always find parameter values that
satisfy them in each subsample. Hence we can not split H}. Various tests can be constructed with local power
properties against any particular one of these three null hypotheses (and typically no power against the others).

To elaborate further on this we consider a sequence of local alternatives based on the moment conditions:

Assumption 2.1. A sequence of local alternatives is specified as:

Bgu(Bo,30) = b, 7, 1) /VT (@

where h(n,r,r), for r € [0,1], is a g-dimensional function. The parameter 7 locates structural changes as a
fraction of the sample size and the vector i defines the local alternatives?. These local alternatives are chosen
to show that the structural change tests presented in this paper have non trivial power against a large class of

alternatives. Also, our asymptotic results can be compared with Sowell’s results for the GMM framework.

Now define

QY2B(s) — H(s)

J*(s) =
(s) 91/2(3(1) — B(s))— (H(1) — H(s))

where H(s) = [ h(n,7,7)dr.

Theorem 2.3. Under Assumptions 6.1 to 6.12 and the alternative (4), every sequence of PS-GEL estimators
{00(), Ar(-), T > 1} satisfies
. _ -1 1 g%
VT (0r()=00) = (GEYROTE0) T GHR() ),
VT . —1 -1 / -1 -1 ’ —1) 7%
it 0 = (207 - 20T (EOR0TE0) T G0 ) ()
as a process indezed by s € S, where S has closure in (0,1).

Proof: See the Appendix.

3 Tests for structural change

3.1 Tests for parameter constancy

In this section we introduce several tests for structural change for parameter stability and establish their asymp-

totic distribution. The null hypothesis is (2), or more precisely H{ (s). We present Wald, Lagrange multiplier

2The function h(-) allows for a wide range of alternative hypotheses (see Sowell (1996a)). In its generic form it can be expressed
as the uniform limit of step functions, n € R*, 7 € R suchthat 0 < 11 < 72 < ... < 7; < 1 and 0% is in the interior of ©. Therefore

it can accommodate multiple breaks.

11



and likelihood ratio-type statistics based on smoothed moment conditions. The first is the usual Wald statistic

which is given by:

Waldr(s) =T (Bir(s) = Bar(s)) (Vals)) ™" (Bur(s) = Bar(s))

where Vo (s) = (x?l(s)/s+x72(s)/(1 —s)) and Vi(s) = (GﬁtT( ) ()G (s )) for i = 1,2 corresponding
to the first and the second part of the sample. For the first and the second subsamples:

[T's] A 3
o~ at 75
Gf,tT(s) _ [;S]Z gT(ﬂlg(ﬂ? T(S))’
. . .
~3 _ 1 09:r(Bar(s),07(s))
Gour(s) = T_[Ts]m%—&—l BA '

The Lagrange multiplier statistic does not involve estimators obtained from subsamples, rather it relies on

full-sample parameter estimates. The LMr(s) simplifies to (see Andrews, 1993) :

T - S e [P
LMr(s) = S S)ngwT,s)'ﬂTleT (@07 G| (GO e (Or, s).
where
~ [Ts] o
qir(0r.s) = 5 Z ger(Br, o),
= dgir (Br, o)
Gr. = Z .

ap’
Thus, the LMr(s) test corresponds to the projection of the smoothed moment conditions evaluated at the
full-sample estimator on the subspace identifying the parameter vector 3.
The LR-type statistic is defined as the difference between the GEL objective function for the full sam-
ple evaluated at the restricted estimator and the partial-sample GEL function evaluated at the unrestricted

estimator:

oT T \p(Ar(Or, ) gir (07, 5)) — po T | p(Ar(07(5), 8) ger (01 (5), 5)) — po
Lhr(s) = 5573 Z[ T }Z[ T

t=1 t=1

N ~ - ~ ~ ~ ~ ~ /
where Ap(0r,s) = (AlT(ﬁp6T7s)’,)\2T(6T,5T,s)’) is the solution of the respective following maximization
problem:

< [p(N,ger(8,)) — pol

T

5\1T (ﬁ7 67 S) = arg sup
MERIT(8,0,8) =1
and
T

[p(Nog¢1(B,0)) — pol
T

5\2T(ﬁ757 s) = arg sup
)\2€K2T(676)8) t:[TS]Jrl

12



- N ~
evaluated at the restricted estimator 6p = (ﬁ}, 5}) with A7 (3,6,8) = {1 : kEXNgr (8,0) € D, =1,...,[Ts]}
and Aor (3,6,5) = {Aa : kNygur (8,6) € ®,t = [Ts] +1,...,T}.

We state now the main Theorem which establishes the asymptotic distribution of the Wald, LM and LR-type

test statistics under the null and the local alternative (4).

Theorem 3.1. Under the null hypothesis Hy in (2) and Assumptions 6.1 to 6.12, the following processes indezed

by s for a given set S whose closure lies in (0,1) satisfy:
Waldyr(s) = Q. (s), LMrp(s) = Q. (s), LRr(s) = Qr(s),

with

and under the alternative (4)

BB,(s)BB,(s) (H(s)—sH(1)) Q Y2PgsQ~'/2 (H(s) — sH(1))
@r(s) = s(1—s) s(1—s) ’

where BB,.(s) = B,(s) — sB,(1) is a Brownian bridge, B, is r-vector of independent Brownian motions and
Pas = Q712G [(GPYQ1GP) T (GPYQ12,

Proof: See the Appendix.

Theorem 3.1 tells us that the asymptotic distributions under the null of the Wald, LR-type and LM statistics
are the same as those obtained by Andrews (1993) for the GMM estimator. The asymptotic distribution under
the null and the alternative given in the previous Theorem is only valid for smoothed moment conditions.
Indeed, smoothing the moment conditions is necessary to obtain test statistics whose asymptotic distributions
does not depend on nuisance parameters (except s). This also holds for other results in this paper.

When s is unknown, i.e. the case of unknown breakpoint, we can use the above result to construct statistics
across s € S. In the context of maximum likelihood estimation, Andrews and Ploberger (1994) derived asymp-
totic optimal tests which are characterized by an average exponential form. The Sowell (1996a) optimal tests
are a generalization of the Andrews and Ploberger approach to the case of two measures that do not admit
densities. The most powerful test is given by the Radon-Nikodym derivative of the probability measure implied
by the local alternative with respect to the probability measure implied by the null hypothesis.

The optimal average exponential form is the following:

Bap—Qr=0+97" [ e (iljcQT(s)) 4 (s)

where various choices of ¢ determine power against close or more distant alternatives and H(-) is the weight

function over the value of s € S. In the case of close alternatives (¢ = 0), the optimal test statistic takes the
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average form, aveQr = [¢Qr(s)dH(s). For a distant alternative (¢ = co), the optimal test statistics takes
the exponential form, expQr = log (fs exp[2Q7(s)]dJ(s)). The supremum form often used in the literature
corresponds to the case where ¢/(1 4 ¢) — oo. The sup test is given by sup Q1 = sup,cg Qr(s).

The following Theorem gives the asymptotic distribution for the exponential mapping for Q1 when Qr

corresponds to the Wald, LM and LR ratio-type tests under the null.

Theorem 3.2. Under the null hypothesis Hy in (2) and Assumptions 6.1 to 6.12, the following processes indexed

by s for a given set S whose closure lies in (0,1) satisfy:
1
s Qr = S Qu(9). aveQr(s) = [ Q). eopr = tog [ exnla (105,
s€ S S
with

BB, (s)'BB, (s
Q.5 = PRI,
Proof: See Andrews (1993) and Andrews and Ploberger (1994).

This result is obtained through the application of the continuous mapping theorem (see Pollard (1984)).
This implies that we can rely on the critical values tabulated for the case of GMM-based tests. For example,
the critical values for the statistics defined by the supremum over all breakpoints s € S of Waldr(s), LMrp(s)
or LRr(s) can be found in the original paper by Andrews (1993). The same is true for the Sowell (1996a) and

Andrews and Ploberger (1994) asymptotic optimal tests.

3.2 Tests for the stability of the overidentifying restrictions

The tests presented in the previous section are based on the projection of the moment conditions on the subspace
of identifying restrictions. In this section we are interested with testing against violations of H$*(s) or HY2(s).
The local alternatives are given by the projection of the moment condition on the subspace orthogonal to the
identifying restrictions. For instance, in the case of a single breakpoint, the local alternatives by Assumption

2.1 correspond to:

HQY(s) : (I, — Po)Q Y2E[g(60)] = (I, — PG)Q*/?% t=1,...,[Ts]
HQ2(s): (I, — Pe) Y2E[gi(00)] = (I, — pG)Q*W% t=[Ts|+1,...,T

Sowell (1996b) introduced optimal tests for the violation of the overidentifying restrictions when the violation
occurs before the breakpoint corresponding to the alternative Hgl. The statistic is based on the projection of
the partial sum of the full-sample estimator on the appropriate subspace. Hall and Sen (1999) introduce a test
for the case where the violation can occurs before or after the breakpoint i.e. H{' or HY?. The statistic is

based on the overidentifying restriction test for the sample before and after the considered breakpoint s.
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We propose here statistics specially designed to detect instability before and after the possible breakpoint
that are equivalent to Hall and Sen’s statistics. In these tests, the entire parameter vector is allowed to vary for
both subsamples. Thus 6 = (8}, 85)". The first statistic is based on the same statistic as the one of Hall and
Sen (1999) except that it is computed with smoothed moment conditions. The Or(s) statistic is the sum of the

GMDM-type criterion function for smoothed moment conditions in each subsample
Or(s) = Olp(s) + O27(s)

where ,
[Ts] [T's]

Olr(s) = thT Q7 thT

and ,

~ 1 ~
T QQ_% S) | —F/— 1 (P2 (S
%TS ;. %}Hg () T t_[TXS:]Hg (Bar(s))

A new test for the GEL counterparts of Op(s) is based on the sum of its objective function for both

OQT(S) =

subsamples, namely:

OFPE(s) = 01775 (s) + 027 P (s)

where
B 2[T's] 7<) {p(j‘lT(ﬁAlT<5>v s) g (Bir(s))) — PO}
OlG L(S) oK + 1 ; [Ts]
and { o ) }
AT —[Ts]) = |PQPer(Bor(s),8)' ger(Bor(5))) — po
0% () = 5k t_[%ﬂ T —[Ts] '

The duality between overidentifying restrictions and the auxiliary Lagrange multiplier parameters A(-) for
the partial-sample estimation allows us to propose a new structural change test for overidentifying restrictions

based on A(+). This statistic is defined as following:

LME (s) = LM12(s) + LM2%(s)

where

LMI9) = gz o (Grr(s),) Rar (DArr e 5). o
and

LM2(6) = ey iz e (Far(s),5) Rar (Der (Bar 5.
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The equivalence with the overidentifying test of instability results from the fact that \/[T's]/(2K1+1) A7 (Bir(s), s)
is asymptotically equivalent at the first order to €7 (s)! \/ET;] ST g (Bur(s)) and /T — [Ts]/(2Kr +

DAar(Bar(s). ) to Qar(s) ™ 2t ST 0 ger (B ().

The following Theorem provides the asymptotic distribution of Q9 (s) which equals Or(s), OFFE(s) and

LM:? (s) under the null and the alternative hypotheses for the supremum, the average mapping and exponential
mapping.

Theorem 3.3. Under the null of no structural change and Assumptions 6.1 to 6.12, the following processes

indezed by s for a given set S whose closure lies in (0,1) satisfy:

sEs

sup Qg = sup Qq—r(5), avng = / Qq—r(s)dJ(s), eprg = log (/ exp[;Qq_T(s)]dJ(s)> ,
s s
with

Qq—r(s) = +

and under the alternative (4)
By—r(5)'Bg—r(s) n [Bg—r(1) — Bq—r(s)]/ [Bq—r(1) — By—r(s)]
s (1—3s)
H(s)'Q'/? (I - Pg) Q "/H(s) L HD) - H(s))" Q"2 (I — Pg)Q'/? (H(1) — H(s))
(1-29) (1—29)

where By_,(s) is a ¢ — r-dimensional vector of independent Brownian motion.

Qq—r(s)

+

Proof: See the Appendix.

The last two terms in the asymptotic distribution under the alternative given in Theorem 3.3 show that
the test statistics have non trivial power to detect overidentifying restrictions instability before and after the
possible breakpoint point. Note also that the asymptotic distributions under the null and the alternative are
only valid for smoothed moment conditions. The asymptotic critical values for the interval S = [.15,.85] can
be found in Hall and Sen (1999). For other symmetric interval [sg, 1 — sg], critical values can be obtained in
Guay (2003), Tables 1 to 3 for a number of overidentifying restrictions divided by 2 (in those tables). To see

this, note that the critical values for the supremum, the average and the log exponential mappings applied to

Bag—2,(5)' B2g—2r(s) Bq—r(8)' Bg—r(s) + (Bg—r(1)=Bq—r(8)) (Bq—r(1)=Bg—r(s))
s s 1-s

are equivalent to ones corresponding to
for a symmetric interval S3.
3.3 Structural change tests robust to weak identification or completely unidentified cases

We propose in this section test statistics robust to the context of weak identification as defined by Stock

and Wright (2000) or to the completely unidentified case. Consider the pure structural change case, namely:

3This is verified by comparing the critical values in Hall and Sen (1999) and Guay (2003). The critical values in Table 1 in Hall

and Sen for ¢ — r in our notation are the same than the critical values in Guay (2003) but for 2q — 2r.
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0 = (3,3)'. We first consider the null hypothesis (2) of a one time structural break in the parameter values

presented in Section 2, i.e.

Hy: 81 = B2 = fo. (5)

In this case, under the null 8y = (5}, ﬁ(’))/. To perform structural change tests, the parameters must be estimated
under the null and/or under the alternative. The dependence of structural change test statistics on a parameter
estimator complicates the derivation of the limit distribution in weakly identified case. In the presence of
weak identification, some of the parameters are not consistent so we can not assume the existence of partial
derivatives of the moment conditions with respect to the whole parameter vector. Consequently, traditional
structural change test statistics are not asymptotically pivotal. To solve this problem, Caner (2007) proposed
structural change tatistics in the continuous updating GMM framework for which the asymptotic distributions
under the null are bounded. The corresponding asymptotic bound is robust to weak identification or completely
unidentified cases and is free of nuisance parameters (except the interval for the breakpoint, as usual). We
follow here the same strategy as Caner (2007) but in the GEL framework.

As aforementioned, we need to replace 6y by an estimator in order to perform stability tests. In that respect,
let us introduce a restricted estimator 07 (s) = (BT(S)', Bﬂs)’)l obtained with the partial-sample GEL objective

function. A restricted partial-sample GEL estimator {67(s)} is a sequence of random vectors such that:

Or(s) = argmin sup P(0(s), \(s), s)
© A(s)eAr(0,s)

o [p(Mg —p p(Aog:7(B)) — pol

B 19¢7(8 0 29:7(8)) — po

= arglexém Z + Z T

/\(6)6AT(9 s) \t=1 t=[Ts]+1

> [pViger(8)) = po) L [p0bgir(8)) = pol

= argmin sup Z T + sup T

99 | \ichir(B.s) 1=1 X2€Ro1(8,9) t=[Ts]+1

for all s € S with A(s) = (M}, \y)" € R2%1 A (8, s) = {\(s) = (N}, Ay) : A(s) ger (6, 5)} where gur(6,s) =
(g:7(8),0") € R?Y for t = 1,...,[Ts] and ger(0,5) = (0, gir(B)")" € R**! for t = [T's] +1,...,T. Thus for

a given s
[T's] , 3
5\1T(ﬁ7 5) = arg sup [p()\lgtT;ﬁ)) po]’
AlEIA\IT(ﬁ,S) =1
T
Aor(B,5) = arg  sup [p(A\sg:7(8)) — pol

X2€Ro1(B,8) t=[Ts] +1 r

with A1z (8, 8) = {A1 : Nyger (B) € ®,t =1,...,[Ts]} and Aor (B, 5) = {A2 : Nyger (B) € ®,t = [Ts]+1,...,T}.
For this restricted partial-sample GEL, the parameter vector 3 is restricted to be stable across the sample while

the Lagrange multiplier parameters are allowed to vary across subsamples in contrast to the full-sample GEL.
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A robust test based on the GEL is composed of the sum of its renormalized objective function for both

subsamples, namely:

GELRy(s) = GELR1y(s) + GELR27(s) = %ﬁ(éﬂs) M (07(s), 5), 5)
where [ }
T 1 p(Mir(Br, 5) 9er(Br(s))) — po
 2[Ts] par
GELRIr(s) = 5375 2 T
and

{p(;\2T(BT> 3)/9tT(BT(8))) - Po}
T — [Ts] '

T
2(T — [Ts])
ELR2 =——
GELR2r(s) = =g 2.
t=[Ts]+1
A similar statistic was introduced by Guggenberger and Smith (2008) and Otsu (2006) for testing Hy : 6 = g
without considering structural change. In their cases, the derivation is facilitated because 6y is known.

The GEL framework allows us to propose an asymptotically equivalent statistic based on the Lagrange

multiplier parameters A(-) evaluated at 67 (s)*. The statistic is defined as:

LMZE(s) = LM1%(s) + LM2E(s)

where

LM = s ar (i (s). o) Sar G (s). )ar ().
and

LM2E(s) = m&ﬂ@ﬂs),s)’ﬁn(@(s), $)3ar(Br(s), ).

We show in the Appendix that both test statistics are asymptotically equivalent at the first order to the
S-based test statistic in Caner (2007). The test statistic is not asymptotically pivotal but asymptotically
boundedly pivotal. The bound is then nuisance parameters free and robust to identification problems under the
null. The following Theorem gives this asymptotic bound under the null of no structural change and the local

alternative (4).

Theorem 3.4. Suppose that Assumptions 6.1 to 6.5 and 6.7 to 6.12 hold at the true value of the parameters g,
the processes GELR7(s) and LME(s) indexed by s for a given set S whose closure lies in (0, 1) are asymptotically
boundedly pivotal and the asymptotic bound distribution is given by:

QF(s) = By(s)'By(s) | [By(1) — By(5)]' [B4(1) = By(s)]

s 1—s

4We can also propose a LR-type test statistic as in Caner (2007) but for GEL framework. However, Caner (2007) shows that the
LR-type statistic can be very conservative when the number of moment conditions is large compared to the number of parameters.
We can show that this result holds also in the GEL framework for smoothed moment conditions. Moreover, simulation results
provided by Caner (2007) confirm this and his S-based statistic clearly outperforms the LR-type statistic. For this reason, we do
not present the GEL version of the LR-type statistic.
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under the null of no structural change and under the alternative (4)

By(s)Byls) | H(s)'60)" H(s)

[By(1) = By(s)]' [By(1) = By(s)] . [H(1) — H(s)]' Q(6) " [H(1) — H(s)]
(1—35) (1—35) ’

where By(s) is a g-vector of standard Brownian motion.

Q4 (s)

Proof: See the Appendix.

The asymptotic bound derived in this Theorem depends on the number of moment conditions and the
derivation under the alternative shows that both test statistics can have no trivial power against instability of
parameters and overidentifying restrictions. Since the asymptotic bound is valid for Vs € S, the supremum, the
average and the exponential mappings of both statistics are also asymptotic bounded by the respective mapping
of the bound. Critical values under the null for the different mappings are given in the same tables than those
in the subsection 3.2.

Now we propose a second set of tests based on the first-order conditions evaluated at the restricted partial
sample GEL estimator. The first statistic is similar to the one proposed by Caner (2007) for the GMM-CUE
which is a Kleibergen (2005)-type statistic but adapted here for the GEL context. To introduce the statistic,

we need to define the following matrices:

(Ts]
Dir(B,s) = %Zpl(j\lT(ﬁaS)IQtT(ﬁ))GtT(ﬁ)7
T
Dar(5) = 7 O mOer(8 s 9w (#)Gen(8)
t=[Ts]+1

For t =1,...,[Ts], we also define
K1yr(B,s) = Dir(B,5) Qur (8, 8) " ger ()
and for ¢t = [T's]+1,...,T

Ko (B3, 5) = Dar(B,5) Qar(B,5) " gir(B)

with
A 2K -l-l
Mr(B,s) = ——— thT )ger (B
=1
and
2Kr +1
A _ T !
Q2T(ﬁ’8)_T—7[Ts] > ar(B)gr(B)-
t=[Ts]+1
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~ ~ ~ /
We now need to introduce another restricted estimator 0 r(s) = (5K,T(s)’,ﬂK’T(s)’) obtained with the

restricted partial-sample GEL objective function with K1;(0,s) and Ko (3, s) as moment conditions, namely

~

éK,T(s) = argmm sup P (0(s),v(s),s)
0€O \(s)ehr(6,5)
[Ts]
K K _

= argmin  sup Z p(viKier (B, 5)) = pol i Z p(vy 2tTﬁ s)) — pol

€ v(s)EYT(0,s) \ t=1 t=[Ts]+1
= argmin su i UlK”T :8)) = pol +  su d [p(vy K27 (8, 8)) — po

& bco P p T

vl€f1T(575) t=1 v2€Tor(B,5) t=[Ts]+1

for all s € S where Ky (8, s) € R™ and Ko (B, s) € R™! with v(s) = (v),04) € R**! and Ty (0, s) =
{v(s) = (vi,vh) : v(s)Kir(0,s) € &t = 1,...,T} where Ki7(0,5) = (Kyr(8,5),0) € R*! for t =
1,...,[Ts] and Kyr(0,5) = (0, Koy (B, 5)") € R**! for t = [Ts] + 1,...,T.

The KGFELp(s)-statistic for testing the null hypothesis of parameter stability defined in (5) is, for a given

seS:
KGELyp(s) = KGEL1p(s) + KGEL27(s)

where [ ) i }

ors) T |plorr (Brr(s): ) Kuer (Br.r(s):9)) = po
KGELLr(s) = 5o > T3

and [ ) i }

2T — [Ts T p(O2r (B, 7(8), ) Kot (Brc,7(8))) — po
KGEL2p(s) = (zKij[qD [Z] TS .
t=[Ts]+1

The GEL framework also allows us to propose an asymptotically equivalent test statistic based on the
Lagrange multiplier parameters v(-) for the moment conditions K1;(3,s) and Ko (3, s) evaluated at Gx r(s).

The statistic is defined as:

KLME(s) = KLM1%(s) + KLM2%(s)

where

KLMU(s) = 310 (Brc(s). )’ (Dur B (s). 8 Qur (B (5),9) ™ Dir (B 2(5).5)) e (B r(5). 5
' oy + 1z e (s), ) (Dur(Bier(s), ) (B (s),8)7 Dir (Bre(), s) ) our (B (s), s

and

KLM2J() = T2 (B (s). )’ (Dar (B (s). 8 Qar (B (5),9) ™ Dar (B 1(5).5) ) e (B (5). 5
T _(2KT+1)2 2T\PK,T\S), or(OK,T(S), 2T (OK,T(S), or (0K, 1(S), 2or(OK,1(S8),5).
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Theorem 3.5. The KGELy(s) and KLM¥(s) processes indexed by s for a given set S whose closure lies in
(0,1) are asymptotically boundedly pivotal and the asymptotic bound distribution is given by:

B,.(s)'By(s) + [B(1) — BT(S)]/ [B,(1) — By(s)]
s 1—s5

Qp(s) =

under the null of no structural change and under the alternative (4)

B,.(s)'By(s) n H(S)/Q(ﬁo)_l/zpc(go)ﬂ(ﬁo)_l/zH(s)

Qp(s)

B:(1) = By(o) [B,(1) = Bo(s)] | ) = HO)) 60) " P Q) 12 (1) = H(s)
1-s (1-3s) ’

where By.(s) is a r-vector of standard Brownian motion and
Pgsy) = Q(Bo) " 2G(Bo) (G(ﬁo)IQ(ﬂo)AG(ﬁo))_l G(Bo) o) */*
with G(f) = limr oo [T~ 21, Og1(50)/05]

Proof: See the Appendix.

The asymptotic bound depends on the number of parameters rather than the number of moment conditions.
The asymptotic bound under the alternative shows that these test statistics are specifically designed to detect
instability in parameter values. Critical values under the null for the different mappings are also given in the
same tables than those in the subsection 3.2. The asymptotic bound under the local alternative allows us to
examine the power of the test statistic under different assumptions with respect to identification. Consider the
following decomposition of the alternative:

h(n, 7, 1) Lo h(n, T 1) Lo h(n, T 7)
VT VT vT

This decomposition and the asymptotic bound under the alternative show that the ability of the test statistic

= Pg(,)2(Bo) + (I = Pasy)) 2(Bo)

to detect a structural change in the parameter values depends on the Jacobian matrix G(fp). Under weak
identification, as defined by Stock and Wright (2000), Gr(8o) has a weak value which means that G (5y) = %
for a C' matrix of dimension g x p. In this case, the test statistic has trivial power equals to the size. Obviously,
it is also the case under unidentification since G(8y) = 0. In fact, the test statistic will detect instability in

for a« > 1 in the weak identification case. For instance, the

i
parameter values for alternatives such that %

test statistic will detect structural change in the parameter values with no trivial power for the following fixed

alternative:

Hﬁ(s):{ﬁl(s) i Bo Vtil,...,[Ts]
Bo(s) = Po4+n  Vt=[Ts|+1,...,T.

The discussion above also holds for the S-based test statistic proposed by Caner (2007) who derived the bound

only under the null.
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4 Simulation evidence

In this section, we investigate the small sample properties of structural change tests in the GEL context for well
identified parameters. We leave for future investigation the study of small sample properties of the proposed
structural change tests for weakly identified and unidentified parameters in nonlinear models estimated by GEL
methods.

The tests for an unknown structural change presented in this paper fall in two categories, all considering
structural stability based on GEL estimators. The two categories are the result of splitting the null hypothesis
into two components to explore alternative sources of instability. The first set of tests, the Wald, LM and LR
tests, consider a structural change in the parameters of our model while the second set of tests, the O, O%FL and
LMPO tests, focus on a structural change in the overidentifying restrictions imposed on our model. We evaluate
the performance of these tests in a simulated environment identical to the one found in Guay and Lamarche
(2009) who proposed test statistics to detect structural change that are based on the estimated weights of a
GEL problem. This environment was also used by Ghysels et al. (1997) and in Hall and Sen (1999) and consists
of an autoregressive process of order one for a time series x;. Only one parameter is estimated (denoted by £ in
the expression below) and two moment conditions formed with the lagged values of z; are used. We therefore
have one overidentifying restriction.

The data generating process is given by
Ty = Biwe_1 + uy

for t = 1,...,T. Structural change in the identifying restrictions (in the parameter) is studied by considering
different values of §; where the index i = 1,2 denotes the first or second subsamples. Structural stability in the

overidentifying restrictions is studied by allowing for an ARMA(1,2) model
= BiTp—1 + U + oug_2

and considering nonzero values of « in the second subsample. The change is set at T/2. In the above, u; ~
N(0,1). The sample size was set to 200 observations and the number of Monte Carlo replications was 2000.
Table 1 summarizes the different parametrization and is adapted from Hall and Sen (1999). The null
hypothesis of structural stability is denoted by H5' (DGP 1 to 3). For those DGPs we vary the magnitude of the
autoregressive parameter 3. The alternatives of instability in the parameters or in the overidentifying restrictions
are denoted by H) (DGP 4 to 6), where we vary the magnitude of the change in the autoregressive parameter,
and Hg (DGP 7 to 10) where we consider various values of the moving average parameter, respectively. In this
situation only one parameter is estimated using two moment conditions created with the first two lags of x;.

Under H(‘)g , where a = 0, the instruments are appropriate. Under the first class of alternative hypothesis (H%)
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the two instruments are also valid while they no longer are for the second part of the sample with the second
class of alternative hypothesis (H9).

Under the null hypothesis (DGP 1 to 3) and for DGP 4 to 6, we fix K7 = 0 since the error term w; are
uncorrelated. For DGPs 7, 8, 9 and 10, we select a bandwidth parameter My by the automatic, data-driven,
procedure proposed by Newey and West (1994) and K is fixed as Kt = [(Mr — 1)/2]. The average K, taken
over the Monte Carlo replications, was found to vary between 1.6 and 2.3, increasing with the moving average
component. Lastly, a trimming rule of 0.15 was used, namely S = [.15,.85].

Table 2 contains the rejection frequencies for the test statistics designed to have power against a structural
change in the parameters while Table 3 presents the results for test statistics which are designed to have power
against a structural change in the overidentifying restrictions. All test statistics were computed in the GEL
setting and the supremum, exponential and average versions of the test statistics are presented.

Focusing first on size we find that the average and exponential versions of the Lagrange multiplier-based
test, LM, is very accurate for all data generating processes under the null hypothesis. The O-test proposed
by Hall and Sen (1999) is ranked second with some underrejection while the GEL counterpart of the O test,
the OSFL test which is based on the sum of the GEL objective function in both subsamples, overrejects the
null hypothesis. The average mapping of the O“FL test performs best, having overrejection magnitudes similar
to the underrejection magnitudes of the O test. The standard test (but computed in a GEL setting) for
an unknown structural change, the Wald and LR tests, also overreject the null hypothesis with the average
and exponential LR mappings performing best. The LM test statistics (supremum, average and exponential
mappings) significantly underreject for all DGPs (1 to 3) under the null and have poor power for other DGPs.
For these reasons, the rejection frequencies for the LM test statistics are not reported in the tables here.

The study of power is divided into two cases. In case 1 structural change occurs in the parameter values
while in case 2 structural change occurs in the overidentifying restrictions. Under the alternative of instability
in the parameter, H (DGP 4 to 6), we see that the O, O“FL and LM© tests have no useful power as they
are not geared towards these type of deviations from the null hypothesis. The Wald and LR have good power
properties but one has to keep in mind that their power is inflated due to their overrejections under the null
hypothesis.

Under the alternative of instability in the overidentifying restrictions, e.g. Hg, (DGP 7 to 10), we see that
the test statistics (the Wald and LR tests) specially designed to detect a change in the parameter have much
less power than O, OSFL and LM© tests. An important result in this paper is that the LM (and O) tests,
tests that suffer from very little size distortions, have the largest power, and particularly so for the average
mapping. As in Hall and Sen (1999), the power of the O, O%FL and LM tests is greater than the power
for the Wald and LR tests indicating that testing for an unknown change in the overidentifying restrictions is

important in empirical applications.
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The increase in the autoregressive coefficient from 0 to 0.8 does not impact greatly on the rejection frequencies
under the null hypothesis but under the alternative hypotheses the magnitude of the change is important. Under
H1, for example, we see that power is close to unity when the change in the autoregressive parameter is quite
extreme (0 to 0.8, see DGP 5). Under Hg, which captures a change in the overidentifying restrictions, an
increase (in absolute terms) in the moving average coefficient increases power.

The tests statistics presented in this paper, in particular the LM© tests, should then be added to the Pearson-
type statistics based on implied probabilities to detect structural change presented by Guay and Lamarche (2009)
to complement the specification and testing arsenal of the practitioners. All of these test statistics are computed
using generalized empirical likelihood estimators and are are computed in a single step which eliminates the

need to compute the weighting matrix required for GMM estimation.

5 Conclusion

In this paper we have examined tests for structural change that are based on generalized empirical likelihood
methods and applicable to a time series context. Given the recent developments of generalized empirical
likelihood methods as an alternative to GMM, it appears important to study structural change tests for these
methods of estimation. Test statistics were considered for cases in which the parameters are fully identified as
well as for cases of weak identification and complete unidentification.

We introduced a class of partial-sample GEL estimators and showed that estimators of the Lagrange multi-
plier parameters weakly converge to a function of Brownian motions uncorrelated to the asymptotic distribution
of the vector of parameters. These asymptotic distributions are derived under the null hypothesis of stability
and general alternatives of structural change for an unknown breakpoint. These results allowed us to derive the
asymptotic distributions of structural change tests in the GEL context. Specifically targeted tests, either to a
structural change in the parameters or a structural change in the overidentifying restrictions used to estimate
them, were considered. For the former, we showed that, in a time series context, our test statistics based on
the GEL method followed the same asymptotic distribution than in the GMM context (Andrews, 1993). For
the latter, test statistics equivalent to Hall and Sen’s (1999) statistics in the GMM context were adapted to
the GEL method for smoothed moment conditions. Further, we proposed two new tests specific to the GEL
framework to detect instability in the overidentifying restrictions. We showed that these new statistics have
the same asymptotic distribution at first order than the one derived by Hall and Sen (1999). This paper also
proposed test statistics of structural change in the context of weakly identified or completely unidentified cases
for the GEL framework. The first one is based on a renormalized criterion function of GEL evaluated at a
restricted PS estimator. The second is asymptotically equivalent to the first and is based on the Lagrange

multiplier of the restricted partial-sample estimator. These test statistics are not asymptotically pivotal and
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we show that their limits are bounded by a distribution which is nuisance parameter free and robust to identi-
fication problems. For the first group, the asymptotic bound is a function of the number of moment conditions
while for the second group, the asymptotic bound depends on the number of parameters. Our simulation study
revealed that one of the newly proposed test, the Lagrange multiplier-based test, has very good finite samples
properties, both in terms of size and power. We are currently investigating the small sample properties of tests
for a structural change when the parameters are not fully identified. This will be accomplished using nonlinear

models estimated by GEL methods.
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6 Appendix

6.1 Assumptions

We consider triangular arrays because they are required to derive asymptotic results under the Pitman drift
alternatives. Define X to be the domain of g (-, 0) to include the support of zpy,Vt,VT. Let By and Ay denote
compact subsets of R” and R” that contains neighborhoods of Gy and J§p in the parameter spaces B and A.
Finally, let pur; denote the distribution of zp; and let iy = (1/T) Zthl pure. Throughout the Appendix, w.p.a.1
means with probability approaching one; p.s.d. denotes positive semi-definite; ||-|| denotes the Euclidean norm of
a vector or matrix; - and 2 Jenote respectively convergence in probability and in distribution and = denotes
weak convergence as defined by Pollard (1984, pp. 64-66). Finally, C' denotes a generic positive constant that

may differ according to its use.

Assumption 6.1. {x7; :t < T,T > 1} is a triangular array of X-valued rv’s that is L°-near epoch dependent
(NED) on a strong mizing base {Yp; : t = ...,0,1,...;T > 1}, where X is a Borel subset of R*, and {ur; :
T > 1} is tight on X5.

Define the smoothed moment conditions as:®

t—1
1 m
0) = — k| — —m> 75
gir(3,0) My E <MT) g (v B, 6)
m=t—=T
for an appropriate kernel and Mr is a bandwidth parameter. From now on, we consider the uniform kernel

proposed by Kitamura and Stutzer (1997):

Kr
1
gtT(ﬁy 6) = m m;}( g (th—ma ﬁa 5) .

Assumption 6.2. Kr/T? — 0 and K1 — 00 as T — oo and K1 = Op (T%) for some n > 17,

Assumption 6.3. For some d > max (2, %) g (@7, 8,6) : t <T,T > 1} is a triangular array of mean zero
Ri-valued rv’s that is L?-near epoch dependent of size —% on a strong mizing base {Yp : t =...,0,1,...;T > 1},
of size —d/(d — 2) and sup |g (x7s, 3,0) |4 < .

Assumption 6.4. Var (% Z?jl g (th,5,5)> — sQ Vs € [0,1] for some positive definite ¢ X q¢ matriz 2.

The above assumptions are sufficient to yield weak convergence of the standardized partial sum of the
smoothed moment conditions under the null and the alternatives (see Lemmas 6.1 and 6.2). In the following,

x; is used to denote x7; for notational simplicity.

5For a definition of LP-near epoch dependence and tightness, see Andrews (1993, p. 829-830). For a presentation of the concept

of near epoch dependence, we refer the reader to Gallant and White (1988) (chapters 3 and 4).
6Note here that g;7 denotes the smoothed moment conditions and x7; a triangular array of random variables.
"This assumption is slightly different than that in Smith (2004) but facilitates the proofs at no real cost.
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Assumption 6.5. § (8o, d0) = 0 with (5o, d0) € B x A where § (8o, o) = limp_.0 Zthl Eg (z¢,8,6) and B and
A are bounded subsets of R" and RY, g(x,3,0) is continuous in x for all (3,8) € B x A and is continuous in
(8,0) uniformly over (8,6,2) € B x A x C for all compact sets C C X;

Assumption 6.6. For every neighborhood ©g C © of by, infcs (infoee o, 96, s)|]) > 0 where g(6,s) =
(s3(B1,0)", (1 = 5)3(52,6)')"-

Assumption 6.7. (a) p(-) is twice continuously differentiable and concave on its domain, an open interval ®
containing 0, py = py = —1; (b) A(s) € Ap(s) where Ap(s) = {A(s) : [A(s)| < D (T/((2K1 +1)?) _C} for some
D >0 with 5 > (> gaizy-

Assumption 6.7 (b) parallels the assumption in Newey and Smith (2004) and Smith (2004) but for A(s) =
(N}, \5)'. Tt specifies bounds on A(s) and with the existence of higher than second moments in Assumption 6.3
leads to the arguments A(s)'g:r (6, s) being in the domain ® of p(-) w.p.a.l in the first subsample for all £y, ¢
and 1 <¢ < [T's] and in the second subsample for all 32,6 and [T's] +1 <t < T (see Lemma 6.3).

Under Assumptions 6.1, 6.2, 6.3, 6.5, 6.6 and 6.7, we show for the partial-sample GEL estimator that
supses [0r(s) — 6ol 0, supeslhr)l L0 JAr(s)ll = O, (T/(@Kr+1)%)
sub,es |7 izt 9er (Or(s), )| = Op(T /7).

The consistency of the full-sample GEL estimator is obtained by slight modifications of Assumptions 6.6 and

and

6.7 (b). Assumption 6.6 must be modified by a simplified version with §(3,0) instead of g(6,s). Assumption
6.7 (b) holds but for the full-sample Lagrange multiplier A\. The consistency result that 01 2 6y is then derived
under weaker conditions than in Smith (2004).

The following high level assumptions are sufficient to derive the weak convergence under the null of the

PS-GEL estimators 07(s) and Ap(s). These assumptions are similar to the ones in Andrews (1993).

Assumption 6.8. sup,g |[|Qir(s) — Q| 2 0 where Q is defined in Section 2.1 and S whose closure lies in (0,1)
fori=1,2.

Assumption 6.8 holds under conditions given in Andrews (1991) and Lemma A.3 in Smith (2004). To respect

these conditions, Assumption 6.3 can be replaced by the following assumption:

Assumption 6.3". {g(z7:,3,9) : t < T,T > 1} is a triangular array of mean zero R?-valued rv’s that is a-

mixing with mixing coefficients >°2, j%a(j)~1/" < oo for some v > 1 and supy<rr>1Elg (z14,3,0) | < 00

for some d > max (41/, %)

Assumptions 6.3’ and 6.8 guarantee for the full-sample and partial-sample GEL that

. 2K 41
Or = —

T
Z g7 (Br, 07)ger(Br, o) 5 Q

t=1

and

T
Or(s) = 225" gur(lr (), 9)ger (Br(s), ) 2 fs).

27



Now, let G(3,0) = limr_, % Zthl E[0g(xt,5,6)/0(0,8")] and G = G(Bo, do)-
Assumption 6.9. g(x,3,9) is differentiable in (3,6),V (8,0) € By x Ag Vo € Xo C X for a Borel measurable
set Xo that satisfies P (z; € Xo) = 1Vt < T,T > 1, g(x,3,0) is Borel measurable in x ¥V (5,0) € By x Ao,
dg(xy, 3,0)/0 (B',0") is continuous in (x,3,0) on X x By X Ay,
sup E sup 109 (e, 8,68)/8 (3, 8") || ¥4V ] < 00
1<¢<T (B,0)€EBox Ao

and rank(G) =r + v.

Assumption 6.10. lim7_ % 221 Eg,r(8,0) exists uniformly over (8,4,s) € B x A x S and equals
S 11rnT—>oo % Zf:l Eg(xtv ﬂv 5) = Sg(ﬁ? 5)
Assumption 6.11. limp_, % Zthsl Edgir(8o,00)/0(0,08") exists uniformly over s € S and equals sG Vs € S

and S whose closure lies in (0,1).

Assumption 6.12. G(s)'Q(s)"1G(s) is nonsingular Vs € S and has eigenvalues bounded away from zero Vs € S

and S whose closure lies in (0,1).

Assumptions 6.10 and 6.11 are asymptotic covariance stationary conditions and follow directly from Eg,r(5,6) =
Eg.(8,9) + 0,(1) and Edg.r(Bo, d0)/0(8',0") = Eg:(Bo,00)/0 (5,9") + 0p(1) for the uniform kernel. Assump-
tion 6.12 guarantees that the partial-sample GEL estimators éT(s) has a well defined asymptotic variance Vs € S
and holds if G# and G? are full rank.

6.2 Lemmas

Lemma 6.1. Under Assumptions 6.1 to 6.4, the asymptotic distribution of the smoothed moment conditions
under the null is given by:

[Ts]

Q2 LS (o, o) = B(s),
\/T; tT 0 0

where B(s) is a q-dimensional vector of standard Brownian motion.

Proof of Lemma 6.1

First, under Assumptions 6.1, 6.3 and 6.4 , Lemma A4 in Andrews (1993) implies:

(Ts]

Q2" g1 (Bo, 80) = Bls)

t=1
where B(s) is a g-vector of standard Brownian motion.
Second, the smoothed moment condition are defined as:

1 [Té} KT

1
oy __ 1 (Bo.d0).
\/Tt;?KT+1,Z 9t—j (Bo, do)

Jj=—Kr
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Considering the ”endpoint effect” introduced by the extra K¢ terms, we have:

[Ts] Krp 1 [Ts) min{t—1,Kr}
Z s 9t—j (Bo,00) = Z > 9gt—j (Bo, do)
2K+ +1 KT +1
t=1 j=—K t=1 j=max{t—[Ts],—Kr}
[Ts]-Kr Kr [Ts]
t+ Ko [Ts] —t+ Kr+1
= Z 9:(6o) + Z 5Ky + 19 9¢(Bo, o) + Z Kyt 1 9t(Bo. do)
t=Kr+1 t—[TS]—KT+1
[Ts]

Ts|—t— K
= th Bo. o) +Z 2K _|_1 9¢(Bo, o) + Z %%(50,50)

t—[TS]—KT+1

which implies that

[Ts] [T's] K2
T
th Bo,60) = > gir(Bo, 60) + Oy <2KT n 1) -

t=1
Under the Assumptions that max;<¢<7 ||g:(B0,d0)|| = 0,(T*/?) and K2/T — 0, we get

[T's] [Ts]

Bt th B, 80) = Q17— thT Bo,60) + 0p(1)

which yields the asymptotic equivalence.
The following Lemma provides the asymptotic distribution of the smoothed moment condition under the

general sequence of local alternatives appearing in (4).

Lemma 6.2. Under the alternative (4) and let Assumptions 6.1, 6.2, 6.4 and replacing g(x, 8,0) by g(x¢, 5,0)—
h(n, 7, £)/VT in Assumption 6.3, then
(Ts]

1
— Q72N g0 (B, 80) = B(s) + Q7 Y2H(s)
\/T ; tT' \M0, 90

where H(s) = fOS h(n, T,u)du and B(s) is a q-dimensional vectors of standard Brownian motion.

Proof of Lemma 6.2

Under the alternative (4), by the Lemma A4 of Andrews (1993), the sample smoothed moments satisfy:

[T's] Kr

-1/ ! h((t - 5)/T)
/ f Z 2Kt +1 :;% (gt—j (8o, d0) — \/T) = B(s),

where h(t/T) = h(n,T, %) to reduce the notation. The left-hand side term can be rewritten as:

[Ts] K [Ts] K .
“12 b Z ZT g (Bo, 6o) — Q1721 1 Z ZT h((t=J)/T)
VT =, . 2KT+1 j=—K VT
J T = T
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Let us now examine the last term,

[Ts] K min{t—1,Kr}

I ST N 1 TEV R 1 h((t - )/T)
\/T t=1 2K7 +1 j=— VT VT t=1 2Kr +1 j=max{t—[Ts],—Kr} VT
which equals
[Ts]-Kr Kr [T's]
1 1 t+ Krp 1 [TS]—t+KT+1
— E T — E _— T — E T
T ht/ )+T 2KT+1h(t/ )+T 2K +1 h(t/T)
t=Kr+1 t=1 t:[TS]fKTJrl
(T's] Kr [T's]
1 h(t/T) 1 t— Kr—1 1 [Ts] —t— Kr
= — — _ T — - T).
T TRy MWD ) kst W
t=1 t=1 t=[Ts]—Kr+1

2
The first term of the last equality converges to fos h(v)dv. Under the assumption that % — 0, the last two

terms converge to zero. The result follows.

Lemma 6.3. Under the null and Assumptions 6.3 and 6.7,

sup sup IA(s) gt (0, 5) | 20.
SES geo,\(s)EAL(s),1<t<T

Also w.p.a.1 Ap(s) C A (6, s) where Ar (6,5) = {\(s) = (N, \,) © A(s)'qur (6,5) €, (t=1,...,T)}
Proof of Lemma 6.3

We first show that the results hold for both subsambles for a given s. Let Aj7(s) = Ap(s) for t =1,...,[T's])
and Aor(s) = Ap(s) for t = [T's] +1,...,T). So, we have

sup IN(s) ger (0,5)] < sup [Niger (8,9) |
6O AEAT(s),1<t<T BEB,SEA N EA1(s),1<t<[Ts]
+ sup |\oger (B,0) |.

BEB,6EA Na€Nor(s),[Ts]+1<t<T

Consider the first subsample, by the Cauchy-Schwarz inequality and Assumption 6.7 (b)

—¢
sup Niger (8,6)] < D(T/(2Kr +1)*) sup lger (8,9) ||
BEB, A A7 (s),1<t<[Ts] BEB,5€N,1<t<[T's]

For the last term on the RHS, we get

min{t—1,Kp}

1
sup lger (B:0) 1 = 5y sup g—m (5,9)
BEB.SEA1<t<[Ts] T 1 BeBoea1<t<ITs] ||, il [Ts]— K}
< sup lge (53, 6)

BEB,eN,1<t<[Ts]
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uniformly in ¢. Using Assumption 6.3 and by Markov’s inequality:

swplgn(8,6) || = 0, (1),

BEB,SEA,1<tLT

Hence

sup Niger (3.8)] < D (T/@Kr +172) 0, (14) 2.0
BeB,s€A N €A (s),1<t<[Ts]

by Assumption 6.7 (b). This also holds for the second subsample.

Therefore under the null

sup IMger (8,6)] 50
BEB,S€A N €M7 (s),1<t<[T's]

and Mjgir € ® for t = 1,...,[Ts] w.p.a.l for all 3 € B, § € A which implies that A\; € Air (8,9, s). For the

second subsample,

sup IXoger (8,6) | 20
BEB,SEA N2 ENa7 (5),[Ts]+1<t<T

and Mygir € @ for t = [T's]+1,...,T w.p.a.l for all B € B, § € A which implies that Ay € Aot (68,9, s). Finally,
these results holds uniformly Vs € S.

Lemma 6.4. Under Assumptions 6.1, 6.2, 6.3, 6.5 and 6.10

sup sup ||gT(9? S) - g(ea S)H g 0
sES €O

where g(6,s) = (s3(8,6)', (1 — $)§(53,5)")'.
Proof of Lemma 6.4

Using ZE’FTS} 21 , the result of the Lemma holds if

1
sup sup
BEB,JEA TSIRLT

R
7 2 loer(8.8) = 9(8,0)]|
t:l

where s =inf{s : s€ S}.
By the triangular inequality

sup sup
6€© TS<RLT

< sup sup
€0 T'S<RLT

7 22 0 (5:9) = Borr(5,0)

Z gtT mtaﬁ7 g(ﬁ>6)]
=1

+sup sup
€0 TS<RLT

R
Z Egir(8,8) — 9(8, )]
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We show that both terms on the right-hand side converge in probability to zero. For the first term, we first

show that £ 3> [g:7(8,6) — Egir(8,0)] = £ 32 [9:(8, ) — Egi(8,6)] + 0,(1). By the proof similar to the
one in Lemma 6.1, we can show that:

1 & 1 &
T th(ﬁ, §) = T ZQtT(ﬁa 6) 4 0p(1).
t=1 t=1

This also holds for the partial sum of the expectation, the result follows. Now using Lemma A3 in Andrews
with Assumptions 6.1 and 6.7 guarantees the UWL for sup < H% Zf’:l [9:(8,0) — Eg:(8,9)] H This yields

R
1
sup  sup | > [9:(8,6) — Egi(B,9)][ >0
0€© TS<RLT t=1
which directly implies
1 R
sup  sup | Z l9¢7(8,0) — Eger (B, 6)] | = 0.
0€© TS<RLT et

For the second term, by a similar argument Zf:l Egr(B,6) = = Zf‘:l Eg.(8,0) +0p(1) and the convergence
in probability to zero holds by Assumption 6.10.

Now define
T !/
PO(s)A(s),s) = 3 LRAS) gtz;& 5)) — pol
=1
(Ts) -
[p(kXy g7 (81, 0)) — po] [p(EXyge7 (B2, 0)) — po]
=1 T t=[Ts]+1 T

and gr (0o, s) = ST ger (o, 5).

Lemma 6.5. Under Assumptions 6.3, 6.7 and 6.8, there is a constant C' such that w.p.a.1.

1 = .
S sup P (00, M(s),5) = sup Cllgr (6o, 5)]1%
T+ ses A(S)GJA\T(OQ,S) seS

Proof of Lemma 6.5

By a proof similar to the one of Lemma A.5 in Smith (2004)%, we can show that

1

- D — A 2
SRy 71, S PN = Clar(eo. )]

(s)eAT(60,s)

for a given s € S w.p.a.1l. Since this holds for all s € S, this holds for s which achieves the supremum.

8In his proof, Smith (2004) uses the fact that (2Kp + 1) 23:1 2 (}\’gtT(ﬁo,éo)) ger(Bo, 60)ger (Bo,00)' /T L _Q in

our notation. This needs more restrictive assumptions than those imposed here. In fact, we only need that (2Kr +
1)2?:1 P2 (j\lgtT(ﬁo,éso)) g7 (Bo, 80)9t7(Bo,80)' /T < —Cly in the p.s.d. sense w.p.a.l which holds by the fact that the outer

product of smoothed moment conditions is automatically positive semi-definite.
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6.3 Proofs of Theorems
Proof of Theorem 2.1

The outline of the proof is similar to that of Lemma A.6 and Theorem 2.2 in Smith (2004) except that the
results have to be established uniformly in s € S and by taking into account of the differences in Assumptions
6.2, 6.3 and 6.7 with respect to the corresponding assumptions in Smith (2004).

First, we show that sup,c g [|§r(07(s), s)[|?> = Op(T 1) which allows us to show that sup,cg [|(s) — 6o 2 0.

By arguments similar to Smith (2004), we can show that Zthl ger(07(s), 8)gir (0p(s),s)' /T = O,(1). Fol-
lowing Newey and Smith (2001) and Smith (2004), let

Ar(s) = (Mg, Aop) = *thT Or(s), s)kr/llgr(0r(s), )|

with kp = D (T/(2K7 +1)?) "¢ and

[Ts]

_ 1 A )

M = _T;gtT(ﬁlT,5T)'€T/||9T(9T(S)>S)H’

) 1 T R ~

Nor = =z 3 gu(aror)wr/lgr(Gr(s), s)l.
t=[Ts]+1

By Lemma 6.3, sup,cg maxi<i<7 |A(s) ger (9}(8), S) | £ 0 and Ap(s) € Ap(07(s), s) w.p.a.l. Thus, for a given

. . . / . _ . _
s, hr(s) = <>\’1T, /\’2T> with Ayp = 1A, 0 < 7 < 1 and Aoy = Tohop, 0 < 75 < 1,

D Z [Pz Ar(s) gir (Or(s). 5)) - pz(O)} ger (07(s), 8)ger (07 (s),8)' /T 5 0

and therefore sup,cg(2K1 + 1) 23;1 p2(Ar(s) gir (07(3), 8))ger (07(s), 8)ger (07 (s), s)' /T > —Clyy in the p.s.d.
sense w.p.a.l. Hence, by a second-order Taylor expansion

s P09 = = (5 ) rllr().

_|_

(2KT+1) (sz Ar(5) ger (07(5), 8)3er (01 (s), 5)ger (O (s), )/T> 7(s)/2
G o) ()

= |lgr(0z(s),s)| <2KKT+ 1) ¢ <2KI:{FT—&-1)2
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w.p.a.l and this holds Vs € S. Now using Lemma 6.5, we get w.p.a.l

2
~ /A KT 1 ~ [ a _
- - < [E—
sup 97 (97 (s), >||< +1) C<2KT+1) < s g P (0r(s), A0 (9),5)

1 o~/
< sup sup ——— P (07(s), A(s), s)
$€5 A(s)ehr(dr(s),s) 2K +1 (
1 -
< sup  sup mp (00, A(s), 5)

sES )\(S)G[A\T(eo,s)
< SHIS)C\|§T(9075)H2 =0, (T7)
se

as ||gr (6o, s)|| = O,(T~1/2) by CLT (Corollary 3.1 of Wooldridge and White (1988)). This yields

~ /A RT N 2 kT
EZEHQT(%(S%S)II < C<2KT+1> +§16150||9T(90’5)II (2KT+1) Op (kr/(2Kp + 1)),

which implies sup,cg [|§7(07(s), s)| = O,(T~'/2) by Assumption 6.2 for all > 1. By the result that
SUD,cg lgr (07(s), s|| = O, (T~'/2) we have that sup,. g gr(07(s), s) £ 0. By Lemma 6.4, SUP,cg SUPgeo |l (0, 5)—
9(8,5)|| 2 0and g(8, §) is continuous by Assumption 6.5. The triangular inequality then gives that sup,cg g(07(s),s) 2
0. Since g(3,0) = 0 has a unique zero at 5y and dy (by Assumption 6.6), for every neighborhood ©y(€ ) of
0o, infses (infgeo o, [l9(0, s)||) > 0, then sup,g 162 (s) — 6ol 2 0.

Now we need to show sup,cg [Ar(s)]| = O, ((T/(QK + 1)2)*1/2)and sup,cs [ Ar(s)|| & 0. By a second-

: N :
order Taylor expansion around A(s) = 0, for a given s € S and for any Ap(s) = (XlT,)\’QT) with Aip =
7iAir,0 <7 < land Aor = mhor, 0 < 7 < 1
(2K7 + )P (0r(s),0,5) < s (2Kp + )P (0r(s),A(s),5)
A(s)EAT (07(s),9)
(2K + 1)P(7(s), Ar(s), 5)
—(2K7 + 1)Ar(5) §7(01r(s), 5)
T

Ar(s) ((QKT +1) sz()\T(S)/gtTWT(S), 8))gur (07 (s), s)gir (07 (s), 8)’/T> Ar(s)/2

—(2Kr +1)Ar(s)' (é (5),8) = Chr(s) Ar(s)
< 2Kz + DlAx(s)l1§2(0r(s), )| = ClAr(s)]?

w.p.a.l. Since P (éT(s),o, s) — 0,¥s € S, this implies directly that C|[Ar(s)|| < (2K + 1)||gr(07(s), s)|| and
this holds for all s € S which implies that sup,cg C||Ar(s)|| < sup,eg(2Kr + 1)||gr (07 (s), s)||. Finally, consid-
ering that sup,cg g7 (07(s), s)|| = O,(T~1/2) directly yields that sup,.g IAr(s)]| = Op {(T/(?KT + 1)2)71/2}
and sup,cg Az (s)|| 2 0 by Assumption 6.2.

IN

_|_

IN

Proof of Theorem 2.2
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The first-order conditions of the partial-sample GEL with respect to A(s) and 6(s) are:

T Zpl ) ger(07(5), 8))ger (Or(s), s) = 0.

T Zpl ) ger (07 (s), 5))Gier (0 (s), s) Ar(s) = 0.

By a mean-value expansion of the former first-order conditions for the partial-sample GEL where

~ ~ ~ N ’ N AN
Er = (51T(8)/,52T(8)/,5T(S)', Q;fjfl, S?T(j_)l) and Zg = (6, 85, 35,0,0)" with the latter first-order conditions

yields:
0 — A~
0= —T1/2 + M(S)T1/2 ET(S) _ =,
< % 23:1 g+ (0o, 9) ) ( )
where
T [T's] 7
! 1 g¢7(Bo, 6o) 1 1 l 0 1
2l gtT(9078) - T + —
! ; g t=1 0 T t_%Jrl gtT(ﬁO, 60)
and
_ 1T 0 Tia(s)
M(s) = 7 Z - .
=1 | Mai(s)  Maa(s)

with Mia(s) = p (;\T(s)/gtT(éT(S)ys)) Gir(Or(s), ), Ma(s) = p1 (XT(S)IgtT(éT(S)vs)) Gyr(0r(s),s) and
My (s) = (2K1 +1) po (;\T(s)’gtT(éT(s),s)> ger(07(5), $)ger(07(s), s)' and O7(s) is a random vector on the
line segment joining Or(s) and 6y and Ar(s) is a random vector joining Ar(s) to (0/,0")" that may differ from
row to row.

Now, we need to show that M (s) 2 M(s) where

0  G(s)
M(s) = — (s)
G(s)  Q(s)
By Lemma 6.3:
sup sup |Ar(s)'ger(0r(s),s)| 2 0
s€ES 1<t<T
and
sup sup |Ar(s)'ger(0r(s), s)| © 0
s€S 1<t<T

which implies

o ) .
sup max oy (Ar(s)'gur (Br(s),5)) = ()] %0

/ N p
igglglthTlpl( (S)QtT(eT(s)vs)>_pl(0)| - 0
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and

sup max |p2 (Ar () ger (Or(s),5)) = p2(0)] 2 0.

To show that

T

sup - Z (Ar (o) g (0r(3). 9)) Ger (Or(s). ) 2> ~G(s)

SGS 1

and

it remains to show that

ses

By the triangular inequality

IN

sup
seS

1 & ) 1< R
sup || 2 > Ger(0r(s),5) = B Y Ger(0r(s), 5)

s€S t=1

1 & A
T Z Gir(07(5),8) — G(s)

T T
1 A 1
+ sup E—ZGtT Or(s),s —ETZGtT(GOaS)

s€S =1 =1

+ sup Gir (6o, s) — G(s)

ses

HMH

The first term on the right-hand side 2 0 by an application of UWL given by Lemma A3 in Andrews (1993)

which implies

sup sup
s€S 0€O

=3 Gerllr(s), )~ By 3 Gur(Or(s), 9
t=1 t=1

The second term 2> 0 under the tightness of {fip; T > 1} (Assumption 6.1), Assumption 6.9 and (3, 6) 2 (8, do)
(see equations A.13 and A.14 in Andrews 1993). Finally, the third term 2.0 by Assumption 6.11 and by
G0, 5) = T Ger (00, ) + 0,(1),
Assumptions 6.8 implies that

[Ts]

2K +1
Ti thT Bir.or)gir (Bir, or) > sQ
t=1

and

T

Z gir (Bar, 07)gir (Bar, 07)" 2> (1 — 5)Q
t=[T's]+1

2Kr +1
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which yields

HLELS 0o (3 () 90r O (5),)) 9er B (), 8)gir (B (), ) > ~s).
t=1

Moreover, under Assumption 6.12:

M(s)™t =

where X(s) = (G(s)'Q(s)flG(s))il, H(s) =X(s)G(s)'Qs) L and P(s) = Q(s) 1 —Q(s) "LG(s)X(s)G(s)Q(s) L.
As M(s) is positive definite w.p.a.1, we obtain:

VT (E1(s) — Zo)

T
() <o,_ﬁ; zgﬁwo,s)') +0,(1)

T
= —(H(s),P(s)) \/f% S ger (80, 5) + 0p(1).

We also have by Lemma 6.1,

T
Q_l% ;gtT(Go, s) = J(s)

for s € S. Combining the results above yields:

VT (éT(s) - 90) = —(G(s)Qs) "G (s)) " G(S)IQ(S)A% ; (00, 5) + 0p(1)
= —(G(s)Qs)"'G(s)) " G(s)Us) 1T (5)
and
T
QI(T\/TjHS\T(S) = - (Q—l(s) — Q_l(s)G(s) (G(s)/Q(s)—lG(s))_l G(s)’Q(s)_l) % ;gtT(ao, s) + 0p(1)

Proof of Theorem 2.3

This is a direct implication of Lemma 6.2 and the proof of Theorem 2.2.
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Proof of Theorem 3.1

The results for the Waldr(s) and LMyp(s) under the null can be directly derived from similar arguments to
those used in the proof of Theorem 3 in Andrews (1993). For the Wald statistic:

[T's] ~ a
Gluls) = [Tlﬂ;agt(ﬂ o),
~ 1 T 3tﬂA2 5,5 s
Gl = gy > o),
t=[T's]+1

Qir(s) 2 Quls), Qor(s) B Qals)

and for the LM statistic:

[T's]
_ 1 _
ir(fr,s) = ngt(ﬂTaaT) +op(1),
~ 99:(Br,07)
GtﬁT = T Z aﬂ/ Op(l)v
Qr &«

The asymptotic distribution under the alternative is a direct implication of Theorem 2.3. For the LRr(s)
statistic, expanding the partial-sample GEL objective function evaluated at the unrestricted estimator about
A = 0 yields,

- T
@%T—i—l)% Z o (01(s), ) gir(07(s),s) = %% Z Ar(07(s), ) ger (07(s), s) —

QKr+1)T
+ op(1)

since p1(-) 2 —1 and po(-) & —1.
By the fact that Q7 (s) = 25222 S0 | gi7(07(s), )ger(fr(s), s)' is a consistent estimator of Q(s) and by
T t=1

VT/(2Kr + 1)Ar(s) = =Q(s) ™' = 31, gir(0r(s), 8)) + 0p(1), we get

T Z 9907 (01(5). ) = Tr(Or(s). ) 2) " g1 (0r(5).5) + 0, (1).

Similarly, the expansion of the partial-sample GEL objective function but evaluated at the restricted estimator

yields:

2T I~ 5 5 v 5 VO e\l
CEr + 1T ZP()\T(GT» s) gir (07, )) = Tgr(07,5) QUs) " g (07, 5) + 0p(1)

t=1
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since that Qp(s) = 2K+l Zthl gir (07, $)ger (07, 5)' is a consistent estimator of Q(s) under the null. The
LRr(s) is then asymptotically equivalent to the LR statistic defined in Andrews (1993) for the standard GMM.

Proof of Theorem 3.3

First, for the statistic Or(s), the asymptotic equivalence between ngl} ger (Brr(s)) with
ngl} g(Bir(s)) and ZtT:[TS]H gir(Brr(s)) with Z?:[TS]H g(Aar:t7 Bir(s)) iAs direct implication of the Lemmas 6.1
and 6.2 and by the asymptotic consistency of the estimator 17(s) and Qo7 (s) for €, the result under the null
and alternative follows directly from the proofs for Theorems 2.2 and 2.3 and subsection A.2 in Hall and Sen
(1999).

Second, for the statistic O7(s)“FL as in the proof of Theorem 3.2, we can show that:

oprs] 2 [pCur(Bur(s), 8) ger (Bur(5)) = po]
2Kr +1 & [T's]

= Olp(s) + o0p(1).

and

AT —(1s)) &n |POar(Bar(s). ) gur (Bar(s)) = po]
oK +1 %H T — [T = 027(s) + 0p(1)

t

The asymptotic distribution under the null and the alternative follows directly.

Finally, for the statistic LMTO (s), the have the following asymptotic equivalences:

Ts] <« 4 » 71/2[Ts] )
a9 = QT Y g (Bur(s) + op(1)
T
mX2T(BQT(8),3) = —Q(s)"YT —[Ts])"/? Z ger(Bar(5)) + 0,(1)
t=[T's]+1

which implies directly the asymptotic distribution of this statistic under the null and the alternative.

Proof of Theorem 3.4

Since 0~T(s) minimizes the restricted partial sample GEL for all s € S, this implies for all s € S and all T,

ﬁ(6T<S)7/\T(§T(S)’S) < ﬁ(HOaj\T(éT(S)aS)as)'

The limit for P(f7(s), \r(61(s), s), s) is then bounded by the limit of P(6y, Ar(67(s), s),s). Let Ar(6g,s) =
argmax, i g, ) ﬁ(@o,)\(s),s) and /\T(s) = Tj\T(S), 0 < 7 < 1. Thus, ﬁ(@T(s),j\T(éT(s),s),s)
< P(6o, A\r(07(s),s),s) < P(fo, Ar(bo,s),s). By a second-order Taylor expansion with Lagrange remainder
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and using (2K7 + 1) X21_, p2(A(s) e (00, 5))ger (00, 8)girbo, 8)' /T 2 —Q(s),

~ !
1 5 N o )\T(007s) ~
mp(aﬂvAT(QOMS)as) = - <2KT+1 gr (6o, s)

(;\;{fo_;_ 1) (Z p2 <>\T ) ger (6o, S)) gtT(GOvs)gtT(GOas)//T> A1 (6o, 5)/2

91(60, 8)'Qs) " g7 (80, 5) — g7(B0, 5)'Qs) " g7 (00, 5)/2 + 0p(1)
91(60, 5)'s) ' g1 (6o, 5)/2 + 0p(1)

+

w.p.a.1 where the second equality holds by ﬁj\’f(eo, s) = —Q(s)"1gr (0o, s) + 0p(1). The asymptotic dis-
tribution of the statistic 2K2T+1P(9T(S),5\T(9~T(S),S),S) is then asymptotically bounded for all s € S by the
asymptotic distribution of T'gr (0o, s)'2(s) 197 (0o, s). By using Lemma 6.1, the result under the null fol-
lows. Lemma 6.2 yields the asymptotic distribution under the alternative. The equivalence for the statistic

LMFE(07(s), s) is straightforward to show.

Proof of Theorem 3.5

To prove this theorem, additional assumptions are needed. Let

/

T
E(fo) = lim var (1{ Z(gt(ﬁo)/7U€C(Gt(ﬁo))/)>

t=1

a (q¢+ gqr) x (q + gr) positive semi-definite symmetric matrix and

o Q(/@O) QgG(ﬂO)
o) = [ Qcg(Bo) Qac(Bo) ]

where Q,c(80) = Qaq(Bo) is a (¢ X gr) matrix and Qe (Bo) is a (¢r x gr) matrix.

We define the estimators under the null of no structural change

[T's]
i (0. 5) = 2t S (o) veel GulB0))) (o) vec(Gu o) — EGar ()
T
Bur(Goes) = L ST (o) veclGulB0))) (1O sveelColfi) — EGer ().
t=[T's]+1

Assumption 6.8'. Under the true value of the parameters 6, sup,cg ||iliT(ﬁo, s) = Z(Boll 2,0 with S whose
closure lies in (0, 1) for i = 1, 2.
Assumption 6.3”. Under the true value of the parameters 0y, {g (z1¢, o), vec (G (z1¢, Bo) — EG (x4, Bo)) :

t < T,T > 1} is a triangular array of mean zero R%-valued rv’s that is a-mixing with mixing coefficients
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Z;’il §2a(j)v=Y/" < oo for some v > 1 with supi<rr>1E|lg (z7¢, Bo) |4 < 00 and sup;<7.751E||G (z1¢, Bo) |4 <

oo for some d > max (4V7 %)

Assumptions 6.3” and 6.8' guarantee for the restricted partial-sample GEL that

[Ts]
Qayir(fo,) = o 3 vee (G (5o) gur(5o)' 2 5626, (o), (6
t=1
T
Ocgar(Bors) = 2L ST vee (Gor(o) gur(B0)' 2 (1 - 5)0,(B0), (7)
t=[Ts]+1
and
A oK +1 7 ;o
Qcaar(Bo,s) = T Zvec (Gr(Bo)) vee (Gyr — EGer(Bo))” = sQaa(Bo),
t=1
) IK+1 &
Qaa2r(Bo,8) = T Z vee (Ger(Bo)) vee (Gir(Bo) — EGer(Bo)) 2 (1= 5)Qcc(Bo).
t=[Ts]+1

Lemma 6.1 can be shown for the derivatives of the smoothed moment conditions under Assumptions 6.1,
6.2, 6.3” and 6.8’ as shown for the smoothed moment conditions. Thus, the asymptotic distribution of the

derivatives of the centered smoothed moment conditions under the null is given by:

[Ts]
% D vee (Gur(fo) = EGrr(6o) = Qae(Bo)* Bur(s) (8)

where By, (s) is a gr-dimensional vector of standard Brownian motion. Using Lemma 6.1, this yields for the
whole vector (g:7(50), (vec(Ger(Bo) — EGer(6o))))

[17s]

T2 (ger(Bo)', (vee(Ger(Bo) = EGer (o)) = B(50)"/* Byaar(s) (9)

t=1

where Bg(s) is a ((g + gr) x 1)-vector of standard Brownian motion.

We also need the following assumptions:

Assumption 6.13. v(s) € Tp(s) where Tp(s) = {v(s) : ()| < D (T/((2K7r + 1)2){} for some D > 0 with
1 1
2> C> g1y
Assumption 6.14. Suppose Assumption 6.9 but for dg(xy, 3)/00; fori=1,...,r.
The Assumption 6.13 guarantees that Lemma 6.3 holds for the objective function defined with K7;(3, s) and

Klt(/6> S)
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The proof is based on the following bound for all s € 5,

Pr (O (s), 0(0k.1(5)s), 8) < Pi(00,0(0k.1(5)s),8) < sup  Pg(6o,v(s), ). (10)
v(s)ETr(00,s)

Let 07 (6o, s) = arg maxy,(s)ery (do,s) PK(HO, v(s), s). The corresponding FOC for the first subsample are

(7]
%Zpl (017 (Bos 8) K1 (Bo, s)) K14 (Bo, s) =0
=1

have to hold at the true value (5y,0) w.p.a.l. Let 017(0o, s) = 7017(80, s), 0 < 7 < 1 and expanding the FOC

in v17(Bo, s) around 0 yields

[Ts] [Ts]

0 = - ZKltT(ﬁm s)+ | (2Kr +1) ZPQ(UlT(ﬁo, 5) Kvir(Bo, $)K1er (B0, 8)' /T | (2K + 1)~ o10(Bo, 5)
=1 =1
[Ts]

- ZKuT(ﬂo, s) — (D1T(ﬂo, 3)'Qur(Bo, )" Dir(Bo, 5)) (2K + 1) 017(Bo, s) + 0p(1)
=1

by supseg maxi<i<7 |pa (01700, 8) Kiir(0o,8)) — p2(0)| 2 0 which holds by imposing Assumptions 6.3 and
6.13.

Therefore,

[7s)

1 . ~ 1A 14 -1 A -1 1
mvw(ﬁoys) = - <D1T(ﬁ0,$) Qr(Bo, s) D1T(ﬁo75)) D11 (8o, 8)' U (Bo, 5) T ;gtT(ﬁo,S) + op(1)
w.p.a.1. The derivation for the FOC for the second subsample 7 ZZ;[TS]H p1 (Var(Bo, 8) Ko (8o, 8)) Karr (6o, 8) =
0 is the same and we obtain:

1 N ~ P 17 Lo % 11 a
Oar(Bo, 8) = — (D2T(ﬁ078) Qor(Bo,s)” DzT(ﬂmS)) Dar(Bo, 5)' Qar(Bo, s)~ T Z gir(Bo) + op(1).

t=[Ts]+1

2K +1)

Now define for the vector § = (3',3")"

. [ D
Dro.s) = | DT e R,
i 0 Dor(8, )
1 ITs] K
Kr(0,s) = X T = t—1 Kuer (B, s) c R2rx1
L T Zt:[TsH_l Kour(B,5)
and
Q 0
0,5 = | 109 € R2x%,
0 Ql(ﬂa 5)
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By a second-order Taylor expansion of Pk (6y, 01 (6o, s), s) around 0 with 07 (6g, s) = 707 (6o, s), 0 < 7 < 1,

1 ) _ or(s) \
mPK(GmU(QO,S),S) = <2KT+1> KT(9075)

w.p.a.l where the second equality holds by
1 > / 17 A / -1z
572, 5707 (00.8) = = (Dr(00, 500, )" Dr(0o. ) Dr(f,5) 200, 5) " 9r(0.5) + 0, (1)
and KT(007 ) DT(907 Q(007 ) gT(GO’ )
Now, let Dy7(8, 5) {D1 17(Bo0, 5), Da,17(Bo, 5), - - '7Dr,1T(ﬁ075)} with D; 17(8, 5) =

7 Zt h pl(AlT(ﬁ, $) g (8))Givr(B,s) for i = 1,...,p and respectively for ﬁQT(ﬁo, s). By a Taylor expansion
of Dz,lT(ﬂO, ) and Di,2T(ﬁO, ) around /\1T(ﬂ0, S) =0 and 5\2T(ﬂ07 S) =0 respectively yields

. 1o 26 & 192 1 o
D;17(Bo, s) ZGz v (Bo) + Z i1 (80)9er(80) Qur (o, ) thT Bo) + 0p(1)
t=1
- 2K +1 . 1 o
D; 27 (Bo, 5) Z Gir(Bo) + T Z G (B0)gir (Bo) Qar (Bo, )~ T = [Ts] Z 91 (Bo) + op(1)
T o t=[Ts]+1 t=[Ts]+1

using ﬁj\m(ﬂoﬁ) = _QlT(ﬁ0a5)71 [Tls] Z?:l} 9ir(Bo) + op(1) and ﬁj\QT(ﬂoys) =
— Qor(Bo, 8) 7y Ltirsl 1 9er(Bo) + 0p(1) with sup,egmaxi<i<r |p2(Nir (Bo, ) 9er (o)) — p2(0)] > 0 for
i=1,2.

Using (6), (7), (8), (9), Lemma 6.1 and with G(5p) = limy_, {T‘l 23:1 GtT(ﬁo)}, we obtain that

Iq 0 ‘| [ th 1 gtT(BO) ]
2B S e (Gur(B0)) ger (Bo) Qur (Bo) ™" Iy s S vee (Gor(Bo) — EGer(0))

Qo) /2By (s) ]
Qp(B0)/?By.1(s)

\th 19tT( 0)
—VT (Dir(Bo, 5) - 5G(5))

with  Qp(5y)'/%Ba1(s) = Qca(bo)

Y2Bgr(s) = Qag(Bo)UBo)Q(Bo)/?By(s), () =
Qcc(Bo) — Qag(Bo)Q2(Bo) 1y (Bo) and Bai(s)

is independent of By(s). This result is true for any value
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of G(By). Thus, G(fy) can be of full rank value, weak value such that G (5p) = % for ¢ x r matrix Cy or
G(Bo) = 0 in the case of no identification.
This implies that

VT (élT(ﬁm 5) — 8G(ﬁo)> = —Qp(6o)/? Bz (s)
and
VT (Dar(Bo.s) = (1= $)G(B0)) = —2(60)/*(B21(1) = Baa(s).

Since D17(fo,s) and Dar (o, s) are respectively independent of & Zt 1 gtT(ﬁo) and + ZtT:[TSHl ger(Bo)
this yields

12 [Ts)

(Drr(Bo) @ (B0) ™ Dir(5)) " Dar(Go) Qur (o)~ }ng Bo) = Br(s) (12)
and
. . . - 1
(D2T(50)/QZT(6O)71/2D2T(ﬂ0)) Dar(Bo) Qar(Bo) ™! 77 > gr(Bo) = Br(1) — Bu(s) (13)
t=[Ts]+1
where B,.(s) is a r-vector of standard Brownian motion.
By the inequality (10),
2T ~ ~ 2T
2K + 1PK(9K,T(3)7 @(QK’T(S)S), S) S 5Y7e n 1PK(90, @(90, 8), 8)
and using (11), (12) and (13)
- 1 (Ts] ) (]
mPK(%ﬁ(Qo,S),S) = thT B0)Sr (B, 8) " Py g-1/2p(Bos $)ir(Bo, 8) 1/2 thT Bo)
T
+ [T- Ts]ﬁ Z gtT(ﬂo)QgT(ﬁms)—1/2P2T’971/2@(507S)QQT(507S)—1/2
t=[Ts]+1
1 T
T, 2 el
- B, (s)'B;(s) + [B-(1) — BT(SI)]/ [B-(1) — B(s)]
s -

with P 61725 (80, 8) = Qur(Bo, 8) /2 D17(Bo, 5) <b1T(ﬁo7 8)'Qur(Bo, 8) /2 Dir(Bo, 8))7 Di7(Bo, ) ur(Bo, )~ 1/2

and Py g1/2 (8o, 8) = Qar(Bo, ) ~Y?Dar(Bo, 5) (sz(ﬂo, 5)/QQT(6075)71/2D2T(60,5)> Dor(Bo, 8) Qar(Bo, s)~1/2.
The result follows directly under the null. The derivation under the alternative can be easily obtained.
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Table 1: Data Generating Processes

Hy HL HY
DGP1 31 =0(=0 o=
DGP2 () =32 = 0.4 o=
DGP3 1 =£3,=0.8 o=
DGP4 B1=0,p =04 o=
DGP5 Bi1=0,p =08 a=0
DGP6 Bi=04,3=08 a=
DGP7 () =B =0.4 a=05
DGP8 () =, =04 a=09
DGP9 () =32 = 0.4 a=-05
DGP10 (3, =(2 =04 a=-0.9
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Table 2: Rejection Frequencies for Tests of Structural Change in the Parameters

DGP  Size (%) supW  aveW  expW  supLR aveLR expLR

DGP1 1 0.0275 0.0190 0.0275 0.0220 0.0195 0.0240
5 0.0855 0.0725 0.0815 0.0825 0.0730 0.0835
10 0.1450 0.1225 0.1465 0.1435 0.1290 0.1470
DGP2 1 0.0285 0.0150 0.0275 0.0235 0.0150  0.0225
5 0.0880 0.0735 0.0900 0.0845 0.0720 0.0875
10 0.1510 0.1295 0.1500 0.1525 0.1375  0.1550
DGP3 1 0.0320 0.0120 0.0195 0.0170 0.0120  0.0145
5 0.0980 0.0635 0.0825 0.0715 0.0675 0.0750
10 0.1550 0.1300 0.1440 0.1425 0.1290 0.1390
DGP4 1 0.4840 0.5205 0.5420 0.4840 0.5295 0.5475
5 0.6915 0.7430 0.7500 0.6930 0.7510 0.7510
10 0.7860 0.8280 0.8300 0.7875 0.8365 0.8325
DGP5 1 1.0000 0.9995 1.0000 1.0000 1.0000 1.0000
5 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
10 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
DGP6 1 0.7060 0.7475 0.7655 0.6950 0.7435  0.7625
5 0.8590 0.8910 0.8955 0.8590 0.8975  0.9000
10 0.9075 0.9345 0.9365 0.9140 0.9385 0.9370
DGP7 1 0.2895 0.2215 0.3045 0.1845 0.1905 0.2205
5 0.4605 0.4170 0.4795 0.3630 0.3855  0.4065
10 0.5705 0.5275 0.5805 0.4915 0.5015  0.5190
DGPS8 1 0.4425 0.3800 0.4720 0.3575 0.3545  0.4000
5 0.6160 0.5960 0.6460 0.5530 0.5760  0.5990
10 0.7140 0.6900 0.7305 0.6595 0.6855 0.6950
DGP9 1 0.2255 0.1275 0.2110 0.1120 0.0955  0.1240
5 0.3660 0.2805 0.3640 0.2650 0.2415  0.2790

10 0.4640 0.4015 0.4650 0.3770 0.3665 0.3960

0.4530 0.2825 0.4410 0.2150 0.1425 0.2130

5 0.5960 0.4890 0.5920 0.4205 0.3340  0.4200

10 0.6790 0.6050 0.6790 0.5540 0.4755  0.5385
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Table 3: Rejection Frequencies for Tests of Structural Change in the Overidentifying Restrictions

DGP Size (%) supO  aveO expO  supOg  aveOg  expOg  supLMO  aveLMO  expLMO
DGP1 1 0.0020 0.0075 0.0050 0.0205  0.0195  0.0215 0.0055 0.0080 0.0050
5 0.0210  0.0420 0.0390 0.0735  0.0665  0.0710 0.0305 0.0455 0.0390
10 0.0595 0.1005 0.0865 0.1300  0.1260  0.1390 0.0730 0.1020 0.0925
DGP2 1 0.0040 0.0085 0.0085  0.0245 0.0155 0.0240 0.0090 0.0080 0.0090
5 0.0270  0.0450 0.0440 0.0870  0.0645  0.0785 0.0345 0.0455 0.0495
10 0.0595 0.0955 0.0865 0.1370  0.1240  0.1365 0.0835 0.1015 0.0975
DGP3 1 0.0055 0.0090 0.0075 0.0260  0.0175  0.0260 0.0080 0.0095 0.0095
) 0.0295 0.0490 0.0440 0.0815 0.0690 0.0785 0.0405 0.0455 0.0500
10 0.0630 0.1035 0.0890  0.1445 0.1280 0.1445 0.0810 0.1045 0.1020
DGP4 1 0.0050 0.0070 0.0080 0.0295  0.0175  0.0285 0.0090 0.0090 0.0120
5 0.0360 0.0460 0.0445 0.0965  0.0720  0.0935 0.0480 0.0475 0.0545
10 0.0810 0.0985 0.1075  0.1700 0.1370 0.1660 0.1005 0.1105 0.1160
DGP5 1 0.1605 0.0805 0.1725  0.2965 0.1435 0.2915 0.1620 0.0835 0.1805
5 0.3805 0.2630 0.4040 0.5195  0.3475  0.5040 0.3935 0.2670 0.4155
10 0.5305 0.4300 0.5420 0.6415  0.4990  0.6195 0.5370 0.4345 0.5470
DGP6 1 0.0085 0.0110 0.0145 0.0425 0.0230 0.0410 0.0150 0.0150 0.0210
5 0.0505 0.0515 0.0615 0.1150 0.0750 0.1030 0.0650 0.0520 0.0675
10 0.0925 0.1055 0.1140 0.1865  0.1455  0.1760 0.1165 0.1140 0.1280
DGP7 1 0.0425 0.1725 0.1290 0.5640  0.5610  0.6075 0.0685 0.1540 0.1330
) 0.2380 0.5415 0.4740 0.7450 0.7705 0.7860 0.2525 0.5310 0.4780
10 0.4380 0.7255 0.6790  0.8305 0.8560 0.8635 0.4645 0.7240 0.6860
DGPS 1 0.0850 0.3275 0.2375 0.7665  0.7975  0.8070 0.1635 0.3150 0.2845
5 0.3620 0.7540 0.6755 0.8855  0.9185  0.9070 0.4325 0.7540 0.6865
10 0.5875 0.8820 0.8410  0.9220 0.9525 0.9525 0.6390 0.8960 0.8605
DGP9 1 0.0960 0.4185 0.2975  0.8620 0.8810 0.8980 0.1895 0.3550 0.3220
5 0.4575 0.8230 0.7810 0.9495  0.9640  0.9645 0.4855 0.8040 0.7525
10 0.7150 0.9445 0.9245 0.9740  0.9830  0.9825 0.7105 0.9280 0.9060
DGP10 1 0.1140 0.6610 0.4790 0.9935  0.9955  0.9960 0.3950 0.5205 0.5165
5 0.6080 0.9780 0.9470 0.9985 0.9995 0.9995 0.7060 0.9205 0.8955
10 0.8645 0.9970 0.9925 0.9995  1.0000  1.0000 0.8905 0.9755 0.9705
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