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1 Introduction

The motivation for this paper comes from the following sources. First, one
can observe that the two major concepts underlying the methods of reasoning
with incomplete information are the concept of degree of truth of a piece of
information and the concept of approximation of a set of information items.
We shall refer to the theories employing the concept of degree of truth as to
theories of fuzziness and to the theories employing the concept of approxima-
tion as to theories of roughness (see [5] for a survey). The algebraic structures
relevant to these theories are residuated lattices ([6], [11], [15], [16], [21], [22])
and Boolean algebras with operators ([18], [20], [9], [10]), respectively. Resid-
uated lattices provide an arithmetic of degrees of truth and Boolean algebras
equipped with the appropriate operators provide a method of reasoning with
approximately determined information. Both classes of algebras have a lat-
tice structure as a basis. Second, both theories of fuzziness and theories of
roughness develop generalizations of relation algebras to algebras of fuzzy
relations [19] and algebras of rough relations ([3], [4], [8]), respectively. In
both classes a lattice structure is a basis. Third, not necessarily distributive
lattices with modal operators, which can be viewed as most elementary ap-
proximation operators, are recently developed in [23] (distributive lattices
with operators are considered in [13] and [24]). With this background, our
aim is this paper is to begin a systematic study of the classes of algebras that
have the structure of a (not necessarily distributive) lattice and, moreover,

? The work was carried out in the framework of COST Action 274/TARSKI on
Theory and Applications of Relational Structures as Knowledge Instruments.
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in each class there are some operators added to the lattice which are relevant
for binary relations. Our main interest is in developing relational representa-
tion theorems for the classes of lattices with operators under consideration.
More precisely, we wish to guarantee that each algebra of our classes is iso-
morphic to an algebra of binary relations on a set. We prove the theorems
of that form by suitably extending the Urquhart representation theorem for
lattices ([25]) and the representation theorems presented in [1]. The classes
defined in the paper are the parts which put together lead to what might be
called lattice-based relation algebras. Our view is that these algebras would
be the weakest structures relevant for binary relations. All the other algebras
of binary relations considered in the literature would then be their signature
and/or axiomatic extensions.

Throughout the paper we use the same symbol for denoting an algebra or a
relational system and their universes.

2 Doubly ordered sets

In this section we recall the notions introduced in [25] and some of their
properties.

Definition 1. Let X be a non–empty set and let 61 and 62 be two partial
orderings in X. A structure (X, 61,62) is called a doubly ordered set iff
for all x, y ∈X, if x 61 y and x62 y then x= y. ut

Definition 2. Let (X, 61, 62) be a doubly ordered set. We say that A⊆X
is 61–increasing (resp. 62–increasing) whenever for all x, y ∈X, if x∈A
and x 61 y (resp. x 62 y), then y ∈A. ut

For a doubly ordered set (X, 61,62), we define two mappings l, r : 2X → 2X

by: for every A⊆X,

l(A)= {x∈X : (∀y ∈X) x61 y ⇒ y 6∈A} (1)
r(A)= {x∈X : (∀y ∈X) x62 y ⇒ y 6∈A}. (2)

Observe that mappings l and r can be expressed in terms of modal operators
as follows: l(A)= [61](−A) and r(A)= [62](−A), where − is the Boolean com-
plement and [6i], i =1, 2, are the necessity operators determined by relations
6i. Consequently, r and l are intuitionistic–like negations.

Definition 3. Given a doubly ordered set (X, 61, 62), a subset A⊆X is
called l–stable (resp. r–stable) iff l(r(A))= A (resp. r(l(A))= A). ut
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The family of all l-stable (resp. r–stable) subsets of X will be denoted by
L(X) (resp. R(X)).

Recall the following notion from e.g. [7]:

Definition 4. Let (X, 61) and (Y, 62) be partially ordered sets and let f :
X → Y and g : Y → X. We say that f and g are Galois connection iff for
all x, y ∈X

x 61 g(y) iff y 62 f(x). ut

Lemma 1. [23] For any doubly ordered set (X, 61, 62) and for any A⊆X,

(i) l(A) is 61–increasing
(ii) r(A) is 62–increasing
(iii) if A is 61–increasing, then r(A)∈R(X)
(iv) if A is 62–increasing, then l(A)∈L(X)
(v) if A∈L(X), then r(A)∈R(X)
(vi) if A∈R(X), then l(A)∈L(X)
(vii) if A,B ∈L(X), then r(A) ∩ r(B)∈R(X).

Lemma 2. [23] The family of 6i–increasing sets, i =1, 2, forms a distribu-
tive lattice, where join and meet are union and intersection of sets.

Lemma 3. [25] For every doubly ordered set (X, 61,62), the mappings l and
r form a Galois connection between the lattice of 61–increasing subsets of X
and the lattice of 62–increasing subsets of X.

In other words, Lemma 3 says that for any A∈L(X) and for any B ∈R(X),
A⊆ l(B) iff B⊆ r(A).

Lemma 4. For every doubly ordered set (X, 61, 62) and for every A⊆X,

(i) l(r(A))∈L(X) and r(l(A))∈R(X)
(ii) if A is 61–increasing, then A⊆ l(r(A))
(iii) if A is 62–increasing, then A⊆ r(l(A)).

Proof. Direct consequence of Lemmas 1 and 3.

Lemma 4 immediately implies:

Corollary 1. For every doubly ordered set (X, 61, 62) and for every A⊆X,
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(i) if A∈L(X), then A⊆ l(r(A))
(ii) if A∈R(X), then A⊆ r(l(A)).

Let (X, 61, 62) be a doubly ordered set. Define two binary operations in 2X :
for all A, B⊆X,

A uB = A ∩B (3)
A tB = l(r(A) ∩ r(B)). (4)

Observe that t is defined from u resembling a De Morgan law with two
different negations.
Moreover, put

0 = ∅. (5)
1 = X (6)

Lemma 5. [25] For any doubly ordered set (X, 61,62), the system (L(X),u,
t,0,1) is a lattice.

Definition 5. Let (X, 61,62) be a doubly ordered set. The lattice (L(X),u,
t,0,1) is called the complex algebra of X. ut

3 Urquhart representation of lattices

In this paper we are interested in studying relationships between relational
structures (frames) providing Kripke–style semantics of logics, and algebras
based on lattices. Therefore, we do not assume any topological structure in
the frames. As a result, we have a weaker form of the representation theorems
than the original Urquhart result, which requires compactness.

Let (W,∧,∨, 0, 1) be a bounded lattice.

Definition 6. A filter-ideal pair of a lattice W is a pair x=(x1, x2) such
that x1 is a filter of W , x2 is an ideal of W and x1 ∩ x2 = ∅. ut

The family of all filter–ideal pairs of a lattice W will be denoted by FIP (W ).

Let us define the following two quasi ordering relations on FIP (W ): for any
(x1, x2), (y1, y2)∈FIP (W ),

(x1, x2) 41 (y1, y2) iff x1⊆ y1 (7)
(x1, x2) 42 (y1, y2) iff x2⊆ y2. (8)
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Next, define

(x1, x2)4 (y1, y2) iff (x1, x2)41 (y1, y2) & (x1, x2)42 (y1, y2).

We say that (x1, x2)∈FIP (W ) is maximal iff it is maximal wrt 4 . We will
write X(W ) to denote the family of all maximal filter–ideal pairs of the lattice
W .

Observe that X(W ) is a binary relation on 2W .

Proposition 1. [25] Let W be a bounded lattice. For any (x1, x2)∈FIP (W )
there exists (y1, y2)∈X(W ) such that (x1, y1) 4 (y1, y2).

For any (x1, x2)∈FIP (W ), the maximal filter–ideal pair (y1, y2) such that
(x1, x2)4 (y1, y2) will be referred to as an extension of (x1, x2).

Definition 7. Let (W,∧,∨, 0, 1) be a bounded lattice. The canonical frame
of W is the structure (X(W ), 41,42). ut

Lemma 6. For every bounded lattice W ,

(i) its canonical frame (X(W ), 4 1, 4 2) is a doubly ordered set
(ii) for all x, y ∈X(W ), if x41 y and x42 y, then x= y.

Consider the complex algebra (L(X(W )),u,t,0,1) of the canonical frame of
a lattice (W,∧,∨, 0, 1). Observe that L(X(W )) is an algebra of subrelations
of X(W ).

Let us define the mapping h : W → 2X(W ) as follows: for every a∈W ,

h(a) = {x∈X(W ) : a∈x1}. (9)

Theorem 1. [25] For every lattice (W,∧,∨, 0, 1) the following assertions
hold:

(i) For every a∈W , r(h(a))= {x∈X(W ) : a∈x2}
(ii) h(a) is l–stable for every a∈W

(iii) h is a lattice embedding.

Proof. By way of example we prove (iii).

We show that h is injective. Assume that for some a, b∈W , h(a)= h(b). It fol-
lows that for every x∈X(W ), a∈x1 iff b ∈ x1. In particular, if x1 = [a)= {z ∈
W : a 6 z}, then clearly a∈ [a), and also by the assumption b∈ [a). Hence
a6 b. Similarly, if x1 = [b), then b6 a. We conclude that a= b.
Now we show that h preserves the operations. By way of example we prove
that h(a) t h(b)= h(a ∨ b). Indeed, for every a, b∈W ,



6 I. Düntsch et al.

h(a) t h(b)
= l(r({x∈X(W ) : a∈x1}) ∩ r({x∈X(W ) : b∈x1}))
= l({x∈X(W ) : a∈x2} ∩ {x∈X(W ) : b∈x2}) from (i)

= l({x∈X(W ) : a ∨ b∈x2}) since x2 is an ideal
= lr({x∈X(W ) : a ∨ b∈x1}) from (i)

= lr(h(a ∨ b)) the definition of h

= h(a ∨ b) from (ii). ut

The following theorem is a weak version of the Urquhart result.

Theorem 2 (Representation theorem for lattices). Every bounded lat-
tice is isomorphic to a subalgebra of the complex algebra of its canonical
frame. ut

4 LC algebras

An LC algebra is a bounded lattice with an additional unary operator which
is an abstract counterpart of the relational converse.

Definition 8. An LC algebra is a structure (W,∧,∨, 0, 1, ^) such that
(W,∧,∨, 0, 1) is a bounded lattice and ^ is a unary operator on W such
that for all a, b∈W ,

(C.1) a^^ = a
(C.2) (a ∨ b)^ = a^ ∨ b^. ut

For an LC algebra W and any a∈W , a^ is called a converse of a.

The following lemma gives the basic properties of the converse operation.

Lemma 7. Let (W,∧,∨, 0, 1, ^) be an LC algebra. Then the following asser-
tions hold:

(i) 0^ = 0, 1^ =1.
(ii) for all a, b∈W , a6 b implies a^ 6 b^

(iii) for all a, b∈W , (a ∧ b)^ = a^ ∧ b^.

Proof. The proof of (i) is similar to the one presented in [2]. Namely, by Def-
inition 8 we have: 0^ =0 ∨ 0^ =0^^ ∨ 0^ =(0^ ∨ 0)^ =0^^ =0. Analo-
gously, 1 = 1 ∨ 1^ =1^^ ∨ 1^ =(1^ ∨ 1)^ = 1^.

(ii) Assume that a6 b. Then a ∨ b = b, so (a ∨ b)^ = b^. By axiom (C.2),
a^ ∨ b^ = b^, so a^ 6 b^.
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(iii) (6) Let a, b∈W . Since a∧ b6 a, by (ii) we get (a∧ b)^ 6 a^. Similarly,
(a ∧ b)^ 6 b^, which yields (a ∧ b)^ 6 a^ ∧ b^.
(>) Since a^ ∧ b^ 6 a^, we have (a^ ∧ b^)^ 6 a^^ = a by (ii) and (C.1).
Analogously, (a^ ∧ b^)^ 6 b, so (a^ ∧ b^)^ 6 a ∧ b. Applying again (C.1)

and (ii) we get a^ ∧ b^ =(a^ ∧ b^)^^ 6 (a ∧ b)^.

Given an LC algebra (W,∧,∨, 0, 1, ^), by a filter (resp. ideal) of W we mean
a filter (resp. ideal) of the underlying lattice (W,∧,∨, 0, 1).

For any A⊆W , by A^ we will denote the set:

A^ = {a^ ∈W : a∈A}. (10)

We have the following:

Lemma 8. Let (W,∧,∨, 0, 1, ^) be an LC algebra. Then the following asser-
tions hold for all A,B⊆W :

(i) A^ = {a∈W : a^ ∈A}
(ii) A^^ = A

(iii) A⊆B iff A^⊆B^

(iv) (−A)^ = −(A^)
(v) (A ∪B)^ = A^ ∪B^

(vi) (A ∩B)^ = A^ ∩B^.

Proof. By way of example we show (ii) and (iii).
(ii) Let a∈W . Then a ∈ A^^ iff a^ ∈ A^ iff a^^ ∈ A iff a ∈ A.

(iii) (⇒) Let A, B⊆W be such that A⊆B and let a∈A^. Hence, by defi-
nition (10), a^ ∈A, which by assumption implies a^ ∈B.
(⇐) Assume that A^⊆B^ and a∈A. By (C.1), a^^ ∈A, so a^ ∈A^,
which by assumption gives a^ ∈B^. It follows that a^^ ∈B, and hence,
a∈B.

Lemma 9. Let (W,∧,∨, 0, 1, ^) be an LC algebra and let A⊆W . Then the
following assertions hold:

(i) If A is a filter of W , then so is A^

(ii) If A is an ideal of W , then so is A^.

Proof.
(i) Let A be a filter of W and a, b∈W such that a 6 b and a∈A^. Then
a^ ∈A, and, by Lemma 7(ii) we also have a^ 6 b^. This implies, b^ ∈A,
and thus, b∈A^.
Let a, b∈A^. This means that a^ ∈A and b^ ∈A, so a^ ∧ b^ ∈A since A
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is a filter. By Lemma 7(iii), a^∧ b^ =(a∧ b)^, so that (a∧ b)^ ∈A =A^^

by Lemma 8(ii). Then (a ∧ b)^^ ∈A^, or equivalently, a ∧ b∈A^.

(ii) Let A be an ideal of W and let a, b∈W . Assume that b∈A^ and a6 b.
Then b^ ∈A and by Lemma 7(ii), a^ 6 b^. Hence a^ ∈A, so a∈A^.
Let a, b∈A^. Then a^ ∈A and b^ ∈A. Since A is an ideal, a^ ∨ b^ ∈A.
By axiom (C.1), a^ ∨ b^ =(a ∨ b)^. Hence (a ∨ b)^ ∈A, so a ∨ b∈A^.

4.1 LC frames

Definition 9. An LC frame is a relational system (X, 61, 62, C) such that
(X, 61, 62) is a doubly ordered set and C is a mapping C : X → X satisfying
the following conditions for all x, y ∈X:

(MC.1) x61 y implies C(x)61 C(y)
(MC.2) x62 y implies C(x)62 C(y)

(SC) C(C(x))= x. ut

Given an LC frame (X, 61,62, C) let us define a mapping g : 2X → 2X as
follows: for every A⊆X,

Ag = {C(x) : x∈A}. (11)

The following two lemmas present some properties of g.

Lemma 10. Let (X, 61,62, C) be an LC frame and let g be defined by (11).
Then for all A,B⊆X,

(i) Ag = {x∈X : C(x)∈A}
(ii) Agg = A

(iii) A⊆B implies Ag⊆Bg

(iv) (A ∩B)g = Ag ∩Bg.

Proof. By way of example we show (ii) and (iv).
(ii) Let x∈W . By (SC) and the definition (11) we have the following equiva-
lences: x∈A iff C(C(x))∈A iff C(x)∈Ag iff x∈Agg.
(iv)(⊆) Since A ∩ B⊆A, by (iii) it follows that (A ∩ B)g⊆Ag. Similarly,
(A ∩B)g⊆Bg. Then (A ∩B)g⊆Ag ∩Bg.
(⊇) Since Ag∩Bg⊆Ag, from (iii) and (ii) it follows (Ag∩Bg)g⊆Agg=A.
Also, (Ag ∩Bg)g⊆B. Then (Ag ∩Bg)g⊆A∩B, so again by (ii) and (iii),
Ag ∩Bg=(Ag ∩Bg)gg⊆ (A ∩B)g.

Lemma 11. Let (X, 61,62, C) be an LC frame and let g be defined by (11).
Then for all A,B⊆X,
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(i) l(Ag) = l(A)g

(ii) r(Ag) = r(A)g.
(iii) if A is l–stable, then so is Ag.

Proof. By way of example we show (i) and (iii).

(i) (⊆) Let x 6∈ l(A)g. By the definition (11), this means that C(x) 6∈ l(A),
so there exists y ∈X such that (i.1) C(x) 61 y, and (i.2) y ∈A. By (MC.1),
(i.1) implies C(C(x))61 C(y), so by (SC) we get (i.3) x61 C(y). Next, (i.2)

and (SC) imply C(C(y))∈A, whence C(y)∈Ag, which together with (i.3)

implies x 6∈ l(Ag).
(⊇) can be proved in the similar way.

(iii) Let A be l–stable. By (i) and (ii), l(r(Ag))= l(r(A)g)= l(r(A))g= Ag,
so Ag is l–stable.

4.2 Complex algebras of LC frames

Definition 10. Let (X, 61,62, C) be an LC frame. By the complex al-
gebra of X we mean a structure (L(X),u,t,0,1,g) with the operations
defined by (3), (4), (11) and the constants defined by (5) and (6). ut

Theorem 3. The complex algebra of an LC frame is an LC algebra.

Proof. From Lemma 10(ii), Agg= A, so it suffices to show that (AtB)g=
Ag tBg. For every x∈X,

x∈ (A tB)g iff C(x)∈A tB by the definition of g

iff C(x)∈ l(r(A) ∩ r(B)) by the definition of t
iff x∈ l(r(A) ∩ r(B))g by the definition of g

iff x∈ l((r(A) ∩ r(B))g) by Lemma 11(i)
iff x∈ l(r(A)g ∩ r(B)g) by Lemma 10(iv)

iff x∈ l(r(Ag) ∩ r(Bg)) by Lemma 11(ii)
iff x∈Ag tBg.

4.3 Canonical frames of LC algebras

Let (W,∧,∨, 0, 1, ^) be an LC algebra. As usual, FIP (W ) and X(W ) denote
the family of all filter–ideal pairs (resp. maximal filter–ideal pairs) of W .

First, observe the following:

Lemma 12. (x1, x2)∈FIP (W ) iff (x^
1 , x^

2 )∈FIP (W ).
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Proof. (⇒) Let (x1, x2)∈FIP (W ). From Lemma 9 it follows that x^
1 is a

filter of W and x^
2 is an ideal of W . Note that ∅^ = ∅. Then, by Lemma

8(vi) we get that x^
1 ∩ x^

2 = ∅, so (x^
1 , x^

2 )∈FIP (W )
(⇐) Let x1, x2⊆W be such that (x^

1 , x^
2 )∈FIP (W ). Then, by Lemmas

8(ii) and 9, x1 =x^^
1 is a filter of W and x2 = x^^

2 is an ideal of W . Next,
from Lemma 8(vi), (x1 ∩ x2)^ = ∅, so x1 ∩ x2 =(x1 ∩ x2)^^ = ∅. Whence
(x1, x2)∈FIP (W ).

Let us now define a mapping C? : FIP (W ) → FIP (W ) as follows: for every
x∈FIP (W ),

C?(x) = (x^
1 , x^

2 ). (12)

Lemma 13. If x is a maximal filter–ideal pair of W , then so is C?(x).

Proof. Let x =(x1, x2)∈FIP (W ). Assume that (x^
1 , x^

2 ) is not maximal.
By Proposition 1, it can be extended to the maximal filter–ideal pair, say
y =(y1, y2). Then x^

1 ⊆ y1, x^
2 ⊆ y2 and (x^

1 , x^
2 ) 6=(y1, y2). By Lemma 8(ii)

and 8(iii) we get x1⊆ y^
1 , x2⊆ y^

2 and (x1, x2) 6=(y^
1 , y^

2 ), which means
that (x1, x2) is not a maximal filter–ideal pair.

Definition 11. Let (W,∧,∨, 0, 1, ^) be an LC algebra. A canonical frame
of W is a structure (X(W ), 41, 42, C

?), where 4 1, 4 2 and C? are defined
by (7), (8) and (12), respectively. ut

Theorem 4. The canonical frame of an LC algebra is an LC frame.

Proof. Let x, y ∈X(W ) and assume that x41y. This means that x1⊆ y1. By
Lemma 8(iii), x^

1 ⊆ y^
1 , so C?(x) 41C

?(y). Hence (MC.1) holds. In the anal-
ogous way we can show that (MC.2) holds. Finally, let x=(x1, x2)∈X(W ).
Then we have C?(C?(x))= (x^

1
^, x^

2
^)= (x1, x2)= x by Lemma 8(ii), so

the condition (SC) also holds.

4.4 Relational representation of LC algebras

In this section we conclude our discussion of LC algebras by showing their
relational representability.

Theorem 5 (Representation theorem for LC algebras). Every LC al-
gebra is isomorphic to a subalgebra of the complex algebra of its canonical
frame.



Lattice–based relation algebras and their representability 11

Proof. Let (W,∧,∨, 0, 1, ^) be an LC algebra, (X(W ), 4 1, 4 2, C
?) be the

canonical frame of W and let (L(X(W )),u,t,0,1,g) be the complex algebra
of the canonical frame of W . By Theorems 3 and 4 it follows that L(X(W ))
is an LC algebra, so it suffices to show that W is isomorphic to a subalgebra
of L(X(W )).
Let the mapping h : W → 2X(W ) be defined as in (9), i.e. h(a) = {x∈X(W ) :
a∈x1}, a∈W . We show that for every a∈W , h(a^)= h(a)g. For every
x∈X(W ) and for every a∈W we have: x∈h(a^) iff a^ ∈x1 iff a∈x^

1 iff
C?(x)∈h(a) iff x∈h(a)g.
By Theorem 1 h preserves the lattice operations and is injective.

5 LP algebras

LP algebras are a join of a not necessary distributive bounded lattice with
a monoid. The monoid product operation is an abstract counterpart to the
relational composition and the unit element of the monoid corresponds to
the identity relation.

Definition 12. An LP algebra is a structure (W,∧,∨, 0, 1,¯, 1′) such that
(W,∧,∨, 0, 1) is a bounded lattice and for all a, b, c∈W ,

(P.1) a¯ 1′ = 1′¯ a = a
(P.2) a¯ (b¯ c) = (a¯ b)¯ c
(P.3) a¯ (b ∨ c) = (a¯ b) ∨ (a¯ c)
(P.4) (a ∨ b)¯ c = (a¯ c) ∨ (b¯ c). ut

Lemma 14. Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra. For all a, b, c∈W , if
a6 b, then

(i) c¯ a 6 c¯ b

(ii) a¯ c 6 b¯ c.

Proof.
(i) Let a 6 b. Then a∨ b= b, so c¯ (a∨ b) = c¯ b. Hence, by axiom (P.3), we
get (c¯ a) ∨ (c¯ b) = c¯ b, which implies c¯ a6 c¯ b.
(ii) This can be proved in an analogous way.

5.1 LP frames

In this section we follow the developments of Allwein and Dunn ([1]). How-
ever, the difference is that here we consider an abstract notion of an LP
frame, not only the canonical frame of an LP algebra.
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Definition 13. An LP frame is a relational system (X, 61,62, R, S, Q, I)
such that (X, 61, 62) is a doubly ordered set, R, S, Q are ternary relations
on X and I ⊆X is a unary relation on X such that the following conditions
are satisfied: for all x, x′, y, y′, z, z′ ∈X,

A. Monotonicity conditions

(MP.1) R(x, y, z) & x′61 x & y′61 y & z 61 z′ ⇒ R(x′, y′, z′)
(MP.2) S(x, y, z) & x62 x′ & y′61 y & z′62 z ⇒ S(x′, y′, z′)
(MP.3) Q(x, y, z) & x′61 x & y 62 y′ & z′62 z ⇒ Q(x′, y′, z′)
(MP.4) I(x) & x61 x′ ⇒ I(x′)

B. Stability conditions

(SP.1) R(x, y, z) ⇒ ∃x′′ ∈X (x61 x′′ & S(x′′, y, z))
(SP.2) R(x, y, z) ⇒ ∃y′′ ∈X (y 61 y′′ & Q(x, y′′, z))
(SP.3) S(x, y, z) ⇒ ∃z′′ ∈X (z 62 z′′ & R(x, y, z′′))
(SP.4) Q(x, y, z) ⇒ ∃z′′ ∈X (z 62 z′′ & R(x, y, z′′))
(SP.5) ∃u∈X(R(x, y, u) & Q(x′, u, z)) ⇒ ∃w∈X(R(x′, x, w) & S(w, y, z))
(SP.6) ∃u∈X(R(x, y, u) & S(u, z, z′)) ⇒ ∃w∈X(R(y, z, w) & Q(x,w, z′))
(SP.7) I(x) & (R(x, y, z) or R(y, x, z)) ⇒ y 61 z

(SP.8) ∃u∈X(I(u) & S(u, x, x))
(SP.9) ∃u∈X(I(u) & Q(x, u, x)). ut

Lemma 15. For every LP frame (X, 61, 62, R, S, Q, I) and every l–stable
subset A⊆X it holds for all x, y, z ∈X:

I(x) & (y ∈A) & (R(x, y, z) or R(y, x, z)) ⇒ z ∈A.

Proof.
Let x, y, z ∈X and assume that (1) I(x) (2) y ∈A and (3) R(x, y, z) or
R(y, x, z). By (SP.7), we get from (1) and (3) that (4) y 61 z. Since A is
l–stable, by Lemma 1(i) it is 61–increasing, so (2) and (4) imply z ∈A.

For an LP frame (X, 61, 62, R, S, Q, I), let us define two mappings ¯Q , ¯S :
2X × 2X → 2X by: for all A,B⊆X,

A¯Q B = {z ∈X : ∀x, y ∈X (Q(x, y, z) & x∈A ⇒ y ∈ r(B))} (13)
A¯S B = {z ∈X : ∀x, y ∈X (S(x, y, z) & y ∈B ⇒ x∈ r(A)}. (14)

Lemma 16. For any A,B⊆X,

(i) A¯Q B and A¯S B are 62–increasing
(ii) if A and B are l–stable, then A¯Q B and A¯S B are r–stable.
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Proof.
(i) Let A,B⊆X and suppose that A¯Q B is not 62–increasing. Then, by
Definition 2, there exist x, y ∈X such that (i.1) x∈A¯Q B, (i.2) x61 y and
(i.3) y 6∈A¯Q B. By the definition (13), (i.3) means that there exist u,w∈X
such that (i.4) Q(u,w, y), (i.5) u∈A and (i.6) w 6∈ r(B). However, by (MP.3),
(i.2) and (i.4) imply Q(u, w, x), which together with (i.5) and (i.6) gives
x 6∈A¯Q B – a contradiction with (i.1).
In the similar way one can show that A¯S B is 62–increasing.

(ii) Let A,B⊆X be l–stable sets. By (i), A¯Q B is 62–increasing. There-
fore, by Lemma 4(iii), A¯Q B⊆ r(l(A¯Q B)), so it suffices to show that
r(l(A¯Q B))⊆A¯Q B.
Let z ∈X and assume that z 6∈A¯Q B. We show that (ii.1) z 6∈ r(l(A¯Q B)).
By the definition (13) of ¯Q , there exist x, y ∈X such that (ii.2) Q(x, y, z),
(ii.3) x∈A and (ii.4) y 6∈ r(B). From (ii.4), there exists y′ ∈X such that
(ii.5) y 62 y′ and (ii.6) y′ ∈B. By (MP.3), (ii.2) and (ii.5) imply Q(x, y′, z),
which by (SP.4) gives that there exists z′ ∈X such that (ii.7) z 62 z′ and
(ii.8) R(x, y′, z′).
Now we show that (ii.9) z′ ∈ l(A¯Q B). Let z′′ ∈X and assume that (ii.10)

z′61 z′′. Hence, by (MP.1), from (ii.8) we get that R(x, y′, z′′), which by
(SP.2) implies that there exists y′′ ∈X such that (ii.11) y′61 y′′ and (ii.12)

Q(x, y′′, z′′). Next, (ii.10) and (ii.12) imply (ii.13) Q(x, y′′, z′) by (MP.3).
Furthermore, since B is l–stable, it is 61–increasing, so from (ii.6) and
(ii.11), y′′ ∈B. It follows that (ii.14) y′′ 6∈ r(B). Then we have that for some
x, y′′ ∈X, (ii.3), (ii.13) and (ii.14) hold, which means that z′ 6∈A¯Q B. Since
z′′ was an arbitrary element satisfying (ii.10), we obtain that for any z′′ ∈X,
z′61 z′′ implies z′ 6∈A¯Q B, so (ii.9) follows. Finally, from (ii.7) and (ii.9)

we obtain z 6∈ rl(A¯Q B).
Proceeding in the similar way we can show that A¯S B is r–stable.

Lemma 17. For every LP frame (X, 61,62, R, S, C, I) and for all l–stable
subsets A,B⊆X, A¯S B =A¯Q B.

Proof. (�) Let z ∈X and assume that z 6∈A¯Q B. We show that z 6∈A¯S B.
By assumption, there exist x, y ∈X such that (1) Q(x, y, z), (2) x∈A and
(3) y 6∈ r(B). From (3), there is y′ ∈X such that (4) y 62 y′ and (5) y′ ∈B.
Next, from (1) and (4) we get by (MP.3) that Q(x, y′, z), which by (SP.4)

implies that there exists z′ ∈X such that (7) z 62 z′ and (8) R(x, y′, z′).
Furthermore, applying (SP.1), we get from (8) that there exists x′ ∈X such
that (9) x61 x′ and (10) S(x′, y′, z′). Also, by (MP.2), from (7) and (10)

it follows that (11) S(x′, y′, z). From (2), (9) and the assumption that A is
l–stable we get that x′ ∈A. Then x 6∈ r(A), which together with (5) and (10)

implies (12) z′ 6∈A¯S B. By Lemma 16(i), A¯S B is 62 –increasing. Hence,
by (7) and (12) we get z 6∈A¯S B.
The proof of (�) is similar.
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Let us define a mapping ⊗ : 2X × 2X → 2X as follows: for all A, B⊆X,

A⊗B = l(A¯Q B). (15)

Lemma 18. Let A,B⊆X. If A and B are l–stable sets, then so is A⊗B.

Proof. By Lemma 16(ii), A¯Q B is r–stable, so from Lemma 1(vi) we get
that l(A¯Q B) is l–stable.

Given an LP frame (X, 61, 62, R, S, Q, I), let us define

1′ = l(r(I)) (16)

Lemma 19. 1′ is l–stable.

Proof. Follows from Lemma 1(ii) and (iv).

5.2 Complex algebras of LP frames

Definition 14. Let (X, 61,62, R, S, Q, I) be an LP frame. A complex al-
gebra of X is a structure (L(X),u,t,0,1,⊗,1′) with operations defined
by (3)–(6), (15) and (16). ut

Our aim now is to show that complex algebras of LP frames are LP algebras.
To this end, we show that any complex algebra of an LP frame satisfies
axioms (P.1)–(P.4).

First, we prove that axiom (P.1) is satisfied in L(X).

Lemma 20. Let (L(X),u,t,0,1,⊗,1′) be a complex algebra of an LP frame
X. Then for every A∈L(X),

(i) 1′⊗A = A

(ii) A⊗1′ =A.

Proof.
(i) Let A∈L(X). We show that 1′¯Q A = r(A). Then l(1′¯Q A)= l(r(A)),
which by the assumption and the definition (15) gives the result.
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(�) Let z ∈X and assume that z 6∈ r(A). Then there exists w∈X such that
(i.1) z 62 w and (i.2) w∈A. From (SP.8), there exists x∈X such that (i.3)

I(x) and (i.4) S(x,w, w). Next, from (MP.4), I is 61–increasing, so by
Lemma 4(ii), I ⊆ l(r(I)), which together with (i.3) implies x∈ l(r(I)), or
equivalently, by the definition (16), (i.5) x∈1′. Also, by (MP.2), (i.1) and
(i.4) imply S(x,w, z). Then, in view of (SP.3), there exists z′ ∈X such that
(i.6) z 62 z′ and (i.7) R(x,w, z′). Furthermore, (i.7) implies by (SP.2) that
there exists y ∈X such that (i.8) w 61 y and (i.9) Q(x, y, z′). From (i.6) and
(i.9) we get by (MP.3) that (i.10) Q(x, y, z). Since A is l–stable, by Lemma
1(i) it is 61–increasing. Then (i.2) and (i.8) imply y ∈A, so y 6∈ r(A), which
together with (i.5) and (i.10) gives z 6∈1′¯Q A by the definition (13).
(�) Let z ∈X and assume that z 6∈1′¯Q A. We show that z 6∈ r(A).
By assumption, for some x, y ∈X we have: (i.11) Q(x, y, z), (i.12) x∈1′ and
(i.13) y 6∈ r(A). From (i.13), there exists y′ ∈X such that (i.14) y 62 y′ and
(i.15) y′ ∈ A. By (MP.3), from (i.11) and (i.14) it follows that Q(x, y′, z),
which by (SP.4) implies that there exists z′ ∈X such that (i.16) z 62 z′ and
(i.17) R(x, y′, z′). It suffices to show that z′ ∈A. Then, by (i.16) and the
definition (1), z 6∈ r(A).
Suppose that z′ 6∈A. By l–stability of A, this means that z′ 6∈ l(r(A)), i.e.
there exists z′′ ∈X such that (i.18) z′61 z′′ and (i.19) z′′ ∈ r(A). Applying
(MP.1), from (i.17) and (i.18), R(x, y′, z′′), which by (SP.1) implies that
there exists x′ ∈X such that (i.20) x61 x′ and (i.21) S(x′, y′, z′′). From
(i.12), x∈1′ = l(r(I)). Hence, by (i.20) and the definition (2), x′ /∈ r(I), so
there exists x′′ ∈X such that (i.22) x′62 x′′ and (i.23) x′′ ∈ I. By (MP.2),
(i.21) and (i.22) imply S(x′′, y′, z′′), which by (SP.3) gives that there ex-
ists w∈X such that (i.24) z′′62 w and (i.25) R(x′′, y′, w). Now, applying
Lemma 15, (i.25), (i.23) and (i.17) imply w∈A, which together with (i.24)

gives z′′ 6∈ r(A), which contradicts (i.20).

(ii) Let A∈L(X). As before, we will show that A¯Q 1′ = r(A). Hence we
will have A⊗1′ = l(A¯Q 1′)= r(l(A))= A.
(�) Let z ∈X and assume that z 6∈ r(A). By the definition (2) this means
that there exists x∈X such that (ii.1) z 62 x and (ii.2) x∈A. From (SP.9),
there exists y ∈X such that (ii.3) y ∈ I and (ii.4) Q(x, y, x). From (MP.4),
I is 61–increasing, so by Lemma 4(ii), I ⊆ l(r(I))=1′. Then from (ii.3) it
follows that y ∈1′, whence (ii.5) y 6∈ r(1′). Next, by (MP.3), (ii.1) and (ii.4)

imply (ii.6) Q(x, y, z). Therefore, there exist x, y ∈X such that (ii.2), (ii.5)

and (ii.6) hold, which by the definition (13) means that z 6∈A¯Q 1′.

(�) We have to show that r(A)⊆A¯Q 1′. Assume that z 6∈A¯Q 1′. By the
definition (13), there exist x, y ∈X such that (ii.7) Q(x, y, z), (ii.8) x∈A and
(ii.9) y 6∈ r(1′). From (ii.9), there exists y′ ∈X such that (ii.10) y 62 y′ and
(ii.11) y′ ∈1′. By (MP.3), (ii.7) and (ii.10) imply Q(x, y′, z), from which,
by (SP.4), it follows that there exists z′ ∈X such that (ii.12) z 62 z′ and
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R(x, y′, z′). Proceeding in the similar way as in the proof of (�) in (i), we
can show that z′ ∈A, which together with (ii.12) implies z 6∈ r(A).

The following lemma states that (P.2) is satisfied in L(X).

Lemma 21. Let (L(X),u,t,0,1,⊗,1′) be the complex algebra of an LP
frame X. Then for all A,B, C ∈L(X), the following equality holds:

A⊗ (B⊗C) = (A⊗B)⊗C.

Proof. Let A,B, C ⊆X be l–stable sets. In view of Lemma 17 it suffices to
show that A¯Q (B⊗C) = (A⊗B)¯S C.
(�) Let z ∈X and assume that z 6∈ (A⊗B)¯S C. By the definition (14),
this means that there exist x, y ∈X such that (1) S(x, y, z), (2) y ∈ C and
(3) x 6∈ r(A⊗B). But r(A⊗B) = r(l(A¯Q B)) by the definition (15). Next,
by Lemma 17, r(l(A¯Q B))= r(l(A¯S B)). Moreover, A¯S B is r–stable by
Lemma 16(ii), so r(l(A¯S B))= A¯S B. Then we have r(A⊗B)= A¯S B.
Hence, from (3) we get x 6∈A¯S B, which means that there exist u, v ∈X such
that (4) S(u, v, x), (5) v ∈B and (6) u 6∈ r(A). From (6), there exists u′ ∈X
such that (7) u62 u′ and (8) u′ ∈A. By the monotonicity condition (MP.2),
(4) and (7) imply S(u′, v, x), which by (SP.3) gives that there exists x′ ∈X
such that (9) x 62 x′ and (10) R(u′, v, x′). Applying again (MP.2), from
(1) and (9) we get that S(x′, y, z). Therefore, there exists x′ ∈X such that
R(u′v, x′) and S(x′, y, z). By (SP.6), this implies that there exists w∈X such
that (11) R(v, y, w) and (12) Q(u′, w, z). Next, by (SP.1), (11) implies that
there exists v′ ∈X such that (13) v 61 v′ and (14) S(v′, y, w). Since B is l–
stable, it is 61–increasing. Then (5) and (13) imply v′ ∈B, so (15) v′ 6∈ r(B).
We have then obtained that there exist y, v′ ∈X such that (2), (14) and (15)

hold, which by the definition (14) means that (16) w 6∈B¯S C. From Lemma
16, B¯S C is r–stable, so B¯S C = r(l(B¯S C))= r(l(B¯Q C))= r(B⊗C)
by Lemma 17. Whence (16) implies (17) w 6∈ r(B⊗C). Then we finally get
that there exist u′, w∈X such that (8), (12) and (17) hold. By the definition
(13), this means that z 6∈A¯Q (B⊗C).
Proceeding in the similar way, and using (SP.5), (�) can be proved.

Finally, we show that axioms (P.3) and (P.4) are satisfied in complex algebras
of LP frames.

Lemma 22. Let (L(X),u,t,0,1,⊗,1′) be the complex algebra of an LP
frame X. Then for all A,B, C ∈L(X),

(i) A⊗ (B t C) = (A⊗B) t (A⊗C)
(ii) (B t C)⊗A = (B⊗A) t (C ⊗A).
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Proof.
(i) Let A,B, C ⊆X be l–stable sets. First we show that (i.1) A¯Q (BtC)=
(A¯Q B) ∩ (A¯Q C).
For every x∈X the following equivalences hold:

x∈ (A¯Q B) ∩ (A¯Q C)
iff x∈A¯Q B & x∈A¯Q C

iff [∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(B))]
& [∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(C))]

iff ∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(B) ∩ r(C)).

By Lemma 1(vii), r(B)∩r(C) is r–stable, so r(B)∩r(C)= r(l(r(B)∩r(C))).
Hence, by the definition (4) we get

x∈ (A¯Q B) ∩ (A¯Q C)
iff ∀y, z, ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(l(r(B) ∩ r(C))))
iff x∈A¯Q l(r(B) ∩ r(C))
iff x∈A¯Q (B t C).

So (i.1) holds. Hence (i.2) l(A¯Q (B t C))= l((A¯Q B) ∩ (A¯Q C)). Note
that (i.3) l(A¯Q (B tC))= A⊗ (B tC). Next, by Lemma 16(ii), A¯Q B is
r–stable, so r(l(A¯Q B)) = A¯Q B. Using again the definition (4), we get

l((A¯Q B) ∩ (A¯Q C)) = l(r(l(A¯Q B)) ∩ r(l(A¯Q C)))
= l(A¯Q B) t l(A¯Q C)
= (A⊗B) t (A⊗C).

Hence, by (i.2) and (i.3) we get the required result.
(ii) can be proved in the similar way.

From Lemmas 20, 21 and 22 we get:

Theorem 6. The complex algebra of an LP frame is an LP algebra.

5.3 Canonical frames of LP algebras

Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra. As before, by a filter (resp. ideal)
of W we mean a filter (resp. ideal) of the underlying lattice (W,∧,∨, 0, 1).
We will write X(W ) to denote the family of all maximal filter–ideal pairs of
the lattice reduct of W .
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Let us define the following ternary relations on X(W ): for all x, y, z ∈X(W ),

R?(x, y, z) iff (∀a, b∈W ) a∈x1 & b∈ y1 ⇒ a¯ b∈ z1 (17)
S?(x, y, z) iff (∀a, b∈W ) a¯ b∈ z2 & b∈ y1 ⇒ a∈x2 (18)
Q?(x, y, z) iff (∀a, b∈W ) a¯ b∈ z2 & a∈x1 ⇒ b∈ y2 (19)

Moreover, let

I? = {x∈X(W ) : 1′ ∈x1}. (20)

Definition 15. Let an LP algebra (W,∧,∨, 0, 1,¯, 1′) be given. The struc-
ture (X(W ), 41,42, R

?, S?, Q?, I?) is called a canonical frame of W . ut

The following two lemmas can be proved as in [1].

Lemma 23. Let (X(W ),41, 42, R
?, S?, Q?, I?) be the canonical frame of an

LP algebra. Then R?, S?, Q? and I? satisfy monotonicity conditions (MP.1)–
(MP.4) of Definition 13.

Lemma 24. Let (X(W ), 41, 42, R
?, S?, Q?, I?) be the canonical frame of

an LP algebra. Then R?, S?, Q? and I? satisfy stability conditions (SP.1)–
(SP.9) of Definition 13.

Lemmas 23 and 24 imply the following theorem:

Theorem 7. The canonical frame of an LP algebra is an LP frame.

5.4 Relational representation for LP algebras

Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra, (X(W ), 41, 42, R
?, S?, Q?, I?) be

its canonical frame and let (L(X(W )),u,t,0,1,⊗,1′) be the complex alge-
bra of X(W ). Let the mapping h : W → 2X(W ) be defined as in (9), i.e. for
every a∈W ,

h(a) = {x∈X(W ) : a∈x1}.

Our aim is to show that W is isomorphic to a subalgebra of L(X(W )).

To begin, we introduce the following auxiliary notation. Given an LP algebra,
for any A, B⊆W denote

A¯B = {a¯ b : a∈A & b∈B}.

First, note the following:
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Lemma 25. Let an LP algebra (W,∧,∨, 0, 1,¯, 1′) be given and let F and I
be a filter and an ideal of W , respectively. Then

U = {a∈W : ({a} ¯ F ) ∩ I 6= ∅}
V = {a∈W : (F ¯ {a}) ∩ I 6= ∅}

are ideals of W .

Proof. We show that U is an ideal of W . Let (1) a∈U and (2) b6 a. From
the definition of U , (1) implies that there is c∈F such that (3) a¯ c∈ I. By
Lemma 14(i), (2) implies (4) b¯ c 6 a¯ c. Since I is a ideal, (3) and (4) give
(5) b¯ c∈ I. So for some c∈F , (5) holds, which gives b∈U .
Let a, b∈U . We shall show that a∨b∈U . By assumption, there exist c, d∈F
such that (6) a¯ c∈ I and (7) b¯ c∈ I. Since c ∧ d 6 c, by Lemma 14(i)
we have that a¯ (c ∧ d)6 a¯ c and b¯ (c ∧ d)6 b¯ c, so by (6) and (7)

we get (a¯ (c ∧ d)∈ I and (b¯ (c ∧ d)∈ I. Since I is an ideal, (a¯ (c ∧ d))∨
(b¯ (c∧d))∈ I. From axiom (P.4), (a¯ (c∧d))∨(b¯ (c∧d))= (a∨b)¯ (c∧d),
so (8) (a∨b)¯ (c∧d)∈ I. Since F is a filter, c∧d∈F . So we have shown that
for some c′= c ∧ d∈F , (a ∨ b)¯ c′ ∈ I, which by the definition of U implies
that a ∨ b∈U .
Proceeding in the similar way we can show that V is an ideal.

Theorem 8 (Representation theorem for LP algebras). Every LP al-
gebra is isomorphic to a subalgebra of the complex algebra of its canonical
frame.

Proof. In view of Theorem 1 it suffices to show that

(i) h(1′) = 1′

(ii) h(a¯ b)= h(a)⊗h(b).

(i) Note that by (20), I? =h(1′), so from Theorem 1(ii), it is an l–stable set.
Also, 1′ = l(r(I?)) by (16). Hence 1′ = I?, i.e. h(1′) =1′.

(ii) (�) Let a, b∈W , z ∈X(W ) and assume that z ∈h(a¯ b). Then it holds
(ii.1) a¯ b∈ z1. We have to show that z ∈h(a)⊗h(b). By the definition
(15) and Lemma 17, this means that for any w∈X(W ), if z 41w, then
w 6∈h(a)¯S h(b). Assume that z 41w, i.e. (ii.2) z1⊆w1. We will show that
(ii.3) w 6∈h(a)¯S h(b).

Let [a) be the filter generated by a, i.e. [a)= {e∈W : a6 e}. Define

U = {c∈W : ([a)¯ {c}) ∩ w2 6= ∅}.

By Lemma 25, U is an ideal. We show that (ii.4) b 6∈U . Suppose that b∈U .
Then there exists e∈ [a) such that (ii.5) e¯ b∈w2. Since e∈ [a), a 6 e, so
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a∨e = e. Hence (ii.6) (a∨e)¯ b = e¯ b. By axiom (P.4), (a∨e)¯ b=(a¯ b)∨
(e¯ b). So we have (a¯ b)∨ (e¯ b) = e¯ b, whence a¯ b6 e¯ b. Then, since
w2 is an ideal, by (ii.5) we get a¯ b∈w2, so a¯ b 6∈w1, which by (ii.2) gives
a¯ b 6∈ z1 – a contradiction with (ii.1).
Then ([b), U)∈FIP (W ). Let (y1, y2) be its extension to the maximal filter–
ideal pair. Hence (ii.6) [b)⊆ y1 and (ii.7) U ⊆ y2. From (ii.6), b∈ y1, so (ii.8)

y ∈h(b).
Next, let us consider the set

V = {c∈W : ({c} ¯ y1) ∩ w2 6= ∅}.
By Lemma 25, V is an ideal. We show that (ii.9) a 6∈V . Suppose that a∈V .
Then there exists e∈L such that (ii.10) e∈ y1 and (ii.11) a¯ e∈w2. By the
definition of U , (ii.11) means that e∈U , so by (ii.7), e∈ y2. Whence e 6∈ y1,
which contradicts (ii.10). So (ii.9) was proved. Then ([a), V )∈FIP (W ). Let
(x1, x2) be its extension to the maximal filter–ideal pair. Then we have (ii.12)

[a)⊆x1 and (ii.13) V ⊆x2. From (ii.13), a∈x1, so x∈h(a), which implies
(ii.14) x 6∈ r(h(a)).
Finally, we show that (ii.15) S?(x, y, w). By the definition (18) of S?, this
means that for all c, d∈W , c 6∈x2 and d∈ y1 imply c¯ d 6∈w2. Let c, d∈W be
such that c 6∈x2 and d∈ y1. It suffices to show that c¯ d 6∈ e2. Indeed, c 6∈x2

implies by (ii.13) that c 6∈V . From the definition of V , this gives that for any
e∈ y1, c¯ e 6∈w2, so in particular c¯ d 6∈w2. Therefore, for some x, y ∈X(W ),
(ii.8), (ii.14) and (ii.15) hold – by the definition (14) of ¯S (ii.3) follows.
(⊇) Let a, b∈L and let z ∈X(W ). Assume that z ∈h(a)⊗h(b). By the def-
inition (15) this is equivalent to (ii.16) z ∈ l(h(a)¯Q h(b)). Let y ∈X(W ) be
such that (ii.17) z1⊆ y1. Then from (ii.16), y /∈ h(a)¯Q h(b), which means
that there exist x,w∈X(W ) such that (ii.18) Q?(x,w, y), (ii.19) x∈h(a)
and (ii.20) w 6∈ r(h(b)). From (ii.19), a∈x1. Next, by Theorem 1(i), (ii.20)

implies (ii.21) b 6∈w2. By the definition (19), (ii.18) gives that for all a, b∈W ,
a¯ b∈ y2 and a∈x1 imply b∈w2. Hence, from (ii.19) and (ii.21), a¯ b 6∈ y2.
Applying again Theorem 1(i), we obtain y 6∈ r(h(a¯ b)), which together with
(ii.17) gives z ∈ l(r(h(a¯ b))). Since by Theorem 1(ii), h(a¯ b) is l–stable,
we finally get z ∈h(a¯ b).

6 LCP algebras

LCP algebras are meant to be relation algebras based on arbitrary bounded
lattices. Their axioms consist of the axioms (C.1) and (C.2) of converse, the
axioms (P.1),. . . ,(P.4) of product and an additional axiom which tells us
how converse and product are related with each other. In the axiomatiza-
tion of classical relation algebras, this is done by postulating that converse
distributes over composition and also by the axiom

a¯ − (a^¯ − b) 6 b, (21)
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where −x is the Boolean complement of x. It is well known that (21) is
equivalent to de Morgan’s Theorem K, one form of which states that

a¯ b 6−c iff a^¯ c 6−b iff c¯ b^ 6−a. (22)

In our present setting, we do not have complementation as a distinguished
operation, and thus, we cannot use (21). It may be argued that one could use
the complement free version of (22), namely,

(a¯ b) ∧ c =0 iff (a^¯ c) ∧ b =0 iff (c¯ b^) ∧ a=0. (23)

However, it is not quite clear whether this is useful because of the following:
Suppose that W is an LCP algebra (formally defined below), and let m 6∈ W .
Set W ′ = W ∪ {m}, and extend ordering and the operations of W over W ′

by

m6 x, m^ = m, m¯x = x¯m = m

for all x ∈ W ′. In other words, we are adding a new smallest element to W .

Lemma 26.

1. W ′ is an LCP algebra which satisfies (23)
2. If τ = σ is an equation of LCP algebras not containing 0, then

W |= τ = σ iff W ′ |= τ =σ.

Proof. The idea is to show that the equational classes generated by W and
W ′ are the same when 0 is omitted in the signature. Suppose that Eq(W )
and Eq(W ′) are these classes. It suffices to show that W ∈Eq(W ′) and
W ′ ∈Eq(W ). The first claim follows from the fact that W is a subalgebra
of W ′. The second claim can be seen as follows. Let f : W ′ → W × W be
defined by

f(x) =

{
〈x, 1〉, if x 6= m,

〈0, 0〉, if x =m.

Then, f is an injective homomorphism, showing that W ′ ∈ ISP (W ). ut

It may also be worthy to note that (21) is equivalent to the statement

−(a^¯ − b) is the largest x with a¯x6 b,

i.e. −(a^¯ − b) is the (right) residuum of ¯ . Hence, a more coherent way
would be to introduce residua as e.g. in [22] as distinguished operators.
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Let us formally define LCP algebras:

Definition 16. An LCP algebra is a system (W,∧,∨, 0, 1, ^,¯, 1′) such
that (W,∧,∨, 0, 1, ^) is an LC algebra, (W,∧,∨, 0, 1,¯, 1′) is an LP algebra
and for all a, b∈W the following holds:

(CP) (a¯ b)^ = b^¯ a^. ut

Note that

Lemma 27. For every LCP algebra (W,∧,∨, 0, 1, ^,¯, 1′), 1′ is an equiva-
lence element.

Proof. We have to show that 1′ is transitive and symmetric. Transitivity
follows from 1′ ¯ 1′= 1′, and symmetry can be shown as follows:

1′^ = 1′^¯ 1′, by (P.1)

= (1′^¯ 1′)^^, by (C.1)

= (1′^¯ 1′)^, by (CP) and (C.1)

= 1′^^, by (P.1)

= 1′, by (C.1). ut

Example 1. Let us consider a system (W,∧,∨, 0, 1, ^, 1′) such that W =
{0, a, b, c, d, e, 1}, 1′= b and the operations ^ and ¯ are given in Tables 1
and 2 below, respectively.

x x^

0 0
a a

b b

c d

d c

e e

1 1

Table 1. Converse ^ of W

¯ 0 a b c d e 1
0 0 0 0 0 0 0 0
a 0 a a c d e 1
b 0 a b c d e 1
c 0 c c c e e c
d 0 d d 0 d 0 d
e 0 e e 0 e 0 e
1 0 1 1 c d e 1

Table 2. Product ¯ of W

By straightforward verification it is easy to check that W is an LCP algebra.
Note that the underlying lattice is not distributive and product of W is non–
commutative (c¯ e = e 6=0 = e¯ c). ut

As before, we start our discussion on LCP algebras by defining LCP frames.
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Fig. 1. An example
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a cb

Definition 17. An LCP frame is a system (X, 61, 62, C, R, S,Q, I) such
that (X, 61, 62, C) is an LC frame, (X, 61, 62, R, S, Q, I) is an LP frame and
moreover, for all x, y, z ∈X,

(SCP) Q(x, y, z) = S(C(y), C(x), C(z)). ut

Definition 18. Let (X, 41,42, C, R, S, Q, I) be an LCP frame. A complex
algebra of X is a structure (L(X),u,t,0,1,g,⊗,1′) with operations de-
fined by (3)–(6), (11), (15) and (16). ut

Theorem 9. The complex algebra of an LCP frame is an LCP algebra.

Proof. Let (X,41,42, C, R, S, Q, I) be an LCP frame and let (L(X),u,t,0,1,
g,⊗,1′) be its complex algebra. From Theorems 4 and 6 it follows that
(L(X),u,t,0,1,g) is an LC algebra and (L(X),u,t,0,1,⊗,1′) is an LP al-
gebra. It suffices to show that (CP) holds in L(X), i.e. (A⊗B)g=Bg⊗Ag

for all l–stable sets A,B⊆X.
(⊆) Let z ∈ (A ⊗ B)g. This means that C(z)∈A ⊗ B, or equivalently, (1)

C(z)∈ l(A¯Q B). Let z′ ∈X be such that (2) C(z)61 z′. By (MC.1) and
(SC) this is equivalent to (3) z 61 C(z′). From (1) and (2) we get z′ 6∈A¯Q B.
By the definition (13) this means that there exist x, y ∈X such that (4)

Q(x, y, z′), (5) x∈A and (6) y 6∈ r(B). From (6), there exists y′ ∈X such that
(7) y 62 y′ and (8) y′ ∈B. Next, (5) implies (9) C(x)∈Ag. Similarly, from
(8) it follows C(y′)∈Bg, so (10) C(y′) 6∈ r(Bg). By (MP.3), (4) and (7) im-
ply Q(x, y′, z′), which by (SCP) is equivalent to (11) S(C(y′), C(x), C(z′)).
Hence, by (9) and (10) we get that C(z′) 6∈Bg¯S Ag. Since A and B are
l–stable, by Lemma 11(iii) Ag and Bg are also l–stable. Hence, from Lemma
17, Bg¯S Ag= Bg¯Q Ag which together with (3) gives z ∈ l(Bg¯Q Ag),
that is z ∈Bg⊗Ag.
The proof of (�) is similar.
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Let (W,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra. As before, by a filter (ideal)
of W we mean a filter (ideal) of the underlying lattice (W,∧,∨, 0, 1). We
will write X(W ) to denote the family of all maximal filter–ideal pairs of the
lattice reduct of W .

Definition 19. Let (W,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra. A canonical
frame of W is a structure (X(W ),41, 42, C

?, R?, S?, Q?, I?) such that 41

and 42 are defined by (7) and (8), respectively, and relations C?, R?, S?,
Q? and I? are defined by (12) and (17)–(20), respectively. ut

Theorem 10. The canonical frame of an LCP algebra is an LCP frame.

Proof. Let (X,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra and let (X(W ), 41, 42,
C?, R?, S?, Q?, I?) be its canonical frame. By Theorem 4, (X(W ),41,42, C

?)
is an LC frame. Next, by Theorem 7, (X(W ),41,42, R

?, S?, Q?, I?) is an LP
frame. It suffices to show that (SCP) holds.
Let x, y, z ∈X(W ). We have the following equivalences:

S?(C?(y), C?(x), C?(z))
iff (∀a, b∈W ) a¯ b∈ z^

2 & b∈x^
1 ⇒ a∈ y^

2 by (18)
iff (∀a, b∈W ) (a¯ b)^ ∈ z2 & b^ ∈x1 ⇒ a^ ∈ y2 by (10)
iff (∀a, b∈W ) b^¯ a^ ∈ z2 & b^ ∈x1 ⇒ a^ ∈ y2 by axiom (CP)

iff Q?(x, y, z) by (19).

We conclude the paper by stating the representability of LCP algebras.

Theorem 11. Every LCP algebra is isomorphic to a subalgebra of the com-
plex algebra of its canonical frame.

Proof. Follows from Theorems 5, 8, 9 and 10.

7 Conclusions

In this paper we have studied not necessarily distributive lattices with the
operators which are the abstract counterparts to the converse and composi-
tion of binary relations. On the algebraic side, we have presented relational
representation theorems for these classes of algebras. The representation the-
orems are obtained by a suitable extensions of the Urquhart representation
theorem for lattices [25]. However, here we stress the relational aspect of rep-
resentability, and we omit the topological aspect. On the logical side, with
every class of algebras studied in the paper we have associated an appropriate
class of frames. These frames constitute a basis of a Kripke-style semantics



Lattice–based relation algebras and their representability 25

for the logics whose algebraic semantics is determined by the classes of alge-
bras presented in the paper. The representation theorems would enable us to
prove completeness of the logics. For a detailed elaboration of the respective
relational logics one can follow the developments in [1] and [23].

The further work is planned on the class of relation algebras based on double
residuated lattices presented in [22]. The signature of such algebras extends
the signature of LCP algebras with the residuation operators determined by
the product, and with the sum and its dual residua. In these algebras com-
plement operations are definable in terms of residua. Therefore the axioms
of this class of algebras should include some counterparts to the De Morgan
theorem K.
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1 Introduction

The motivation for this paper comes from the following sources. First, one
can observe that the two major concepts underlying the methods of reasoning
with incomplete information are the concept of degree of truth of a piece of
information and the concept of approximation of a set of information items.
We shall refer to the theories employing the concept of degree of truth as to
theories of fuzziness and to the theories employing the concept of approxima-
tion as to theories of roughness (see [5] for a survey). The algebraic structures
relevant to these theories are residuated lattices ([6], [11], [15], [16], [21], [22])
and Boolean algebras with operators ([18], [20], [9], [10]), respectively. Resid-
uated lattices provide an arithmetic of degrees of truth and Boolean algebras
equipped with the appropriate operators provide a method of reasoning with
approximately determined information. Both classes of algebras have a lat-
tice structure as a basis. Second, both theories of fuzziness and theories of
roughness develop generalizations of relation algebras to algebras of fuzzy
relations [19] and algebras of rough relations ([3], [4], [8]), respectively. In
both classes a lattice structure is a basis. Third, not necessarily distributive
lattices with modal operators, which can be viewed as most elementary ap-
proximation operators, are recently developed in [23] (distributive lattices
with operators are considered in [13] and [24]). With this background, our
aim is this paper is to begin a systematic study of the classes of algebras that
have the structure of a (not necessarily distributive) lattice and, moreover, in
each class there are some operators added to the lattice which are relevant for
binary relations. Our main interest is in developing relational representation
theorems for the classes of lattices with operators under consideration. More
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precisely, we wish to guarantee that each algebra of our classes is isomorphic
to an algebra of binary relations on a set. We prove the theorems of that
form by suitably extending the Urquhart representation theorem for lattices
([25]) and the representation theorems presented in [1]. The classes defined
in the paper are the parts which put together lead to what might be called
lattice-based relation algebras. Our view is that these algebras would be the
weakest structures relevant for binary relations. All the other algebras of
binary relations considered in the literature would then be their extensions.

Throughout the paper we use the same symbol for denoting an algebra or a
relational system and their universes.

2 Doubly ordered sets

Definition 1. Let X be a non–empty set and let 61 and 62 be two partial
orderings in X. A structure (X, 61,62) is called a doubly ordered set iff
for all x, y ∈X, if x 61 y and x62 y then x= y. ut

Definition 2. Let (X, 61, 62) be a doubly ordered set. We say that A⊆X
is 61–increasing (resp. 62–increasing) whenever for all x, y ∈X, if x∈A
and x 61 y (resp. x 62 y), then y ∈A. ut

For a doubly ordered set (X, 61,62), we define two mappings l, r : 2X → 2X

by: for every A⊆X,

l(A)= {x∈X : (∀y ∈X) x61 y ⇒ y 6∈A} (1)
r(A)= {x∈X : (∀y ∈X) x62 y ⇒ y 6∈A}. (2)

Observe that mappings l and r can be expressed in terms of modal operators
as follows: l(A)= [61](−A) and r(A)= [62](−A), where − is the Boolean com-
plement and [6i], i =1, 2, are the necessity operators determined by relations
6i. Consequently, r and l are intuitionistic–like negations.

Definition 3. Given a doubly ordered set (X, 61, 62), a subset A⊆X is
called l–stable (resp. r–stable) iff l(r(A))= A (resp. r(l(A))= A). ut

The family of all l-stable (resp. r–stable) subsets of X will be denoted by
L(X) (resp. R(X)).

Recall the following notion from e.g. [7]:

Definition 4. Let (X, 61) and (Y, 62) be partially ordered sets and let f :
X → Y and g : Y → X. We say that f and g are Galois connection iff for
all x, y ∈X
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x 61 g(y) iff y 62 f(x). ut

Lemma 1. [23] For any doubly ordered set (X, 61, 62) and for any A⊆X,

(i) l(A) is 61–increasing
(ii) r(A) is 62–increasing
(iii) if A is 61–increasing, then r(A)∈R(X)
(iv) if A is 62–increasing, then l(A)∈L(X)
(v) if A∈L(X), then r(A)∈R(X)
(vi) if A∈R(X), then l(A)∈L(X)
(vii) if A,B ∈L(X), then r(A) ∩ r(B)∈R(X).

Lemma 2. [23] The family of 6i–increasing sets, i =1, 2, forms a distribu-
tive lattice, where join and meet are union and intersection of sets.

Lemma 3. [23] For every doubly ordered set (X, 61,62), the mappings l and
r form a Galois connection between the lattice of 61–increasing subsets of X
and the lattice of 62–increasing subsets of X.

In other words, Lemma 3 says that for any A∈L(X) and for any B ∈R(X),
A⊆ l(B) iff B⊆ r(A).

Lemma 4. For every doubly ordered set (X, 61, 62) and for every A⊆X,

(i) l(r(A))∈L(X) and r(l(A))∈R(X)
(ii) if A is 61–increasing, then A⊆ l(r(A))
(iii) if A is 62–increasing, then A⊆ r(l(A)).

Proof. Direct consequence of Lemmas 1 and 3.

Lemma 4 immediately implies:

Corollary 1. For every doubly ordered set (X, 61, 62) and for every A⊆X,

(i) if A∈L(X), then A⊆ l(r(A))
(ii) if A∈R(X), then A⊆ r(l(A)).

Let (X, 61, 62) be a doubly ordered set. Define two binary operations in 2X :
for all A, B⊆X,

A uB = A ∩B (3)
A tB = l(r(A) ∩ r(B)). (4)
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Observe that t is defined from u resembling a De Morgan law with two
different negations.
Moreover, put

0 = ∅. (5)
1 = X (6)

Lemma 5. [25] For any doubly ordered set (X, 61,62), the system (L(X),u,
t,0,1) is a lattice.

Definition 5. Let (X, 61,62) be a doubly ordered set. The lattice (L(X),u,
t,0,1) is called the complex algebra of X. ut

3 Urquhart representation of lattices

Let (W,∧,∨, 0, 1) be a bounded lattice.

Definition 6. A filter-ideal pair of a lattice W is a pair x=(x1, x2) such
that x1 is a filter of W , x2 is an ideal of W and x1 ∩ x2 = ∅. ut

The family of all filter–ideal pairs of a lattice W will be denoted by FIP (W ).

Let us define the following two quasi ordering relations on FIP (W ): for any
(x1, x2), (y1, y2)∈FIP (W ),

(x1, x2) 41 (y1, y2) iff x1⊆ y1 (7)
(x1, x2) 42 (y1, y2) iff x2⊆ y2. (8)

Next, define

(x1, x2)4 (y1, y2) iff (x1, x2)41 (y1, y2) & (x1, x2)42 (y1, y2).

We say that (x1, x2)∈FIP (W ) is maximal iff it is maximal wrt 4 . We will
write X(W ) to denote the family of all maximal filter–ideal pairs of the lattice
W .

Observe that X(W ) is a binary relation on 2W .

Proposition 1. [25] Let W be a bounded lattice. For any (x1, x2)∈FIP (W )
there exists (y1, y2)∈X(W ) such that (x1, y1) 4 (y1, y2).

For any (x1, x2)∈FIP (W ), the maximal filter–ideal pair (y1, y2) such that
(x1, x2)4 (y1, y2) will be referred to as an extension of (x1, x2).
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Definition 7. Let (W,∧,∨, 0, 1) be a bounded lattice. The canonical frame
of W is the structure (X(W ), 41,42). ut

Lemma 6. For every bounded lattice W ,

(i) its canonical frame (X(W ), 4 1, 4 2) is a doubly ordered set
(ii) for all x, y ∈X(W ), if x41 y and x42 y, then x= y.

Consider the complex algebra (L(X(W )),u,t,0,1) of the canonical frame of
a lattice (W,∧,∨, 0, 1). Observe that L(X(W )) is an algebra of subrelations
of X(W ).

Let us define the mapping h : W → 2X(W ) as follows: for every a∈W ,

h(a) = {x∈X(W ) : a∈x1}. (9)

Theorem 1. [25] For every lattice (W,∧,∨, 0, 1) the following assertions
hold:

(i) For every a∈W , r(h(a))= {x∈X(W ) : a∈x2}.
(ii) h(a) is l–stable for every a∈W .
(iii) h is a lattice embedding.

Proof. By way of example we prove (iii).
We show that h is injective. Assume that for some a, b∈W , h(a)= h(b). It fol-
lows that for every x∈X(W ), a∈x1 iff b ∈ x1. In particular, if x1 = [a)= {z ∈
W : a 6 z}, then clearly a∈ [a), and also by the assumption b∈ [a). Hence
a6 b. Similarly, if x1 = [b), then b6 a. We conclude that a= b.
Now we show that h preserves the operations. By way of example we prove
that h(a) t h(b)= h(a ∨ b). Indeed. for every a, b∈W ,

h(a) t h(b)
= l(r({x∈X(W ) : a∈x1}) ∩ r({x∈X(W ) : b∈x1}))
= l({x∈X(W ) : a∈x2} ∩ {x∈X(W ) : b∈x2}) from (i)

= l({x∈X(W ) : a ∨ b∈x2}) since x2 is an ideal
= lr({x∈X(W ) : a ∨ b∈x1}) from (i)

= lr(h(a ∨ b)) the definition of h

= h(a ∨ b) from (ii). ut

Theorem 2 (Representation theorem for lattices). Every bounded lat-
tice is isomorphic to a subalgebra of the complex algebra of its canonical
frame. ut
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4 LC algebras

An LC algebra is a bounded lattice with an additional unary operator which
is an abstract counterpart of the relational converse.

Definition 8. An LC algebra is a structure (W,∧,∨, 0, 1, ^) such that
(W,∧,∨, 0, 1) is a bounded lattice and ^ is a unary operator on W such
that for all a, b∈W ,

(C.1) a^^ = a
(C.2) (a ∨ b)^ = a^ ∨ b^. ut

For an LC algebra W and any a∈W , a^ is called a converse of a.

The following lemma gives the basic properties of the converse operation.

Lemma 7. Let (W,∧,∨, 0, 1, ^) be an LC algebra. Then the following asser-
tions hold:

(i) 0^ = 0, 1^ =1.
(ii) for all a, b∈W , a6 b implies a^ 6 b^

(iii) for all a, b∈W , (a ∧ b)^ = a^ ∧ b^.

Proof. The proof of (i) is similar to the one presented in [2]. Namely, by Def-
inition 8 we have: 0^ =0 ∨ 0^ =0^^ ∨ 0^ =(0^ ∨ 0)^ =0^^ =0. Analo-
gously, 1 = 1 ∨ 1^ =1^^ ∨ 1^ =(1^ ∨ 1)^ = 1^.

(ii) Assume that a6 b. Then a ∨ b = b, so (a ∨ b)^ = b^. By axiom (C.2),
a^ ∨ b^ = b^, so a^ 6 b^

(iii) (6) Let a, b∈W . Since a∧ b6 a, by (ii) we get (a∧ b)^ 6 a^. Similarly,
(a ∧ b)^ 6 b^, which yields (a ∧ b)^ 6 a^ ∧ b^.

(>) Since a^ ∧ b^ 6 a^, we have (a^ ∧ b^)^ 6 a^^ = a by (ii) and (C.1).
Analogously, (a^ ∧ b^)^ 6 b, so (a^ ∧ b^)^ 6 a ∧ b. Applying again (C.1)

and (ii) we get a^ ∧ b^ =(a^ ∧ b^)^^ 6 (a ∧ b)^.

Given an LC algebra (W,∧,∨, 0, 1, ^), by a filter (resp. ideal) of W we mean
a filter (resp. ideal) of the underlying lattice (W,∧,∨, 0, 1).

For any A⊆W , by A^ we will denote the set:

A^ = {a^ ∈W : a∈A}. (10)

We have the following:



Lattice–based relation algebras and their representability 7

Lemma 8. Let (W,∧,∨, 0, 1, ^) be an LC algebra. Then the following asser-
tions hold for all A,B⊆W :

(i) A^ = {a∈W : a^ ∈A}
(ii) A^^ = A

(iii) A⊆B iff A^⊆B^

(iv) (−A)^ = −(A^)
(v) (A ∪B)^ = A^ ∪B^

(vi) (A ∩B)^ = A^ ∩B^.

Proof. By way of example we show (ii) and (iii).
(ii) Let a∈W . Then a ∈ A^^ iff a^ ∈ A^ iff a^^ ∈ A iff a ∈ A.
(iii) (⇒) Let A, B⊆W be such that A⊆B and let a∈A^. Hence, by defi-
nition (10), a^ ∈A, which by assumption implies a^ ∈B.
(⇐) Assume that A^⊆B^ and a∈A. By (C.1), a^^ ∈A, so a^ ∈A^,
which by assumption gives a^ ∈B^. It follows that a^^ ∈B, and hence,
a∈B.

Lemma 9. Let (W,∧,∨, 0, 1, ^) be an LC algebra and let A⊆W . Then the
following assertions hold:

(i) If A is a filter of W , then so is A^

(ii) If A. is an ideal of W , then so is A^.

Proof.
(i) Let A be a filter of W and a, b∈W such that a 6 b and a∈A^. Then
a^ ∈A, and, by Lemma 7(ii) we also have a^ 6 b^. This implies, b^ ∈A,
and thus, b∈A^.
Let a, b∈A^. This means that a^ ∈A and b^ ∈A, and therefore, a^ ∧
b^ ∈A since A is a filter. By Lemma 7(iii), a^ ∧ b^ =(a ∧ b)^, so that
(a∧ b)^ ∈A =A^^ by Lemma 8(ii). Then (a∧ b)^^ ∈A^, or equivalently,
a ∧ b∈A^.
(ii) Let A be an ideal of W and let a, b∈W . Assume that b∈A^ and a6 b.
Then b^ ∈A and by Lemma 7(ii), a^ 6 b^. Hence a^ ∈A, so a∈A^.
Let a, b∈A^. Then a^ ∈A and b^ ∈A. Since A is an ideal, a^ ∨ b^ ∈A.
By axiom (C.1), a^ ∨ b^ =(a ∨ b)^. Hence (a ∨ b)^ ∈A, so a ∨ b∈A^.

4.1 LC frames

Definition 9. An LC frame is a relational system (X, 61, 62, C) such that
(X, 61, 62) is a doubly ordered set and C is a mapping C : X → X satisfying
the following conditions for all x, y ∈X:
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(MC.1) x61 y implies C(x)61 C(y)
(MC.2) x62 y implies C(x)62 C(y)

(SC) C(C(x))= x. ut

Given an LC frame (X, 61,62, C) let us define a mapping g : 2X → 2X as
follows: for every A⊆X,

Ag = {C(x) : x∈A}. (11)

The following two lemmas present some properties of g.

Lemma 10. Let (X, 61,62, C) be an LC frame and let g be defined by (11).
Then for all A,B⊆X,

(i) Ag = {x∈X : C(x)∈A}
(ii) Agg = A

(iii) A⊆B implies Ag⊆Bg

(iv) (A ∩B)g = Ag ∩Bg.

Proof. By way of example we show (ii) and (iv).
(ii) Let x∈W . By (SC) and the definition (11) we have the following equiva-
lences: x∈A iff C(C(x))∈A iff C(x)∈Ag iff x∈Agg.
(iv)(⊆) Since A ∩ B⊆A, by (iii) it follows that (A ∩ B)g⊆Ag. Similarly,
(A ∩B)g⊆Bg. Then (A ∩B)g⊆Ag ∩Bg.
(⊇) Since Ag∩Bg⊆Ag, from (iii) and (ii) it follows (Ag∩Bg)g⊆Agg=A.
Also, (Ag ∩Bg)g⊆B. Then (Ag ∩Bg)g⊆A∩B, so again by (ii) and (iii),
Ag ∩Bg=(Ag ∩Bg)gg⊆ (A ∩B)g.

Lemma 11. Let (X, 61,62, C) be an LC frame and let g be defined by (11).
Then for all A,B⊆X,

(i) l(Ag) = l(A)g

(ii) r(Ag) = r(A)g.
(iii) if A is l–stable, then so is Ag.

Proof. By way of example we show (i) and (iii).
(i) (⊆) Let x 6∈ l(A)g. By the definition (11), this means that C(x) 6∈ l(A),
so there exists y ∈X such that (i.1) C(x) 61 y, and (i.2) y ∈A. By (MC.1),
(i.1) implies C(C(x))61 C(y), so by (SC) we get (i.3) x61 C(y). Next, (i.2)

and (SC) imply C(C(y))∈A, whence C(y)∈Ag, which together with (i.3)

implies x 6∈ l(Ag).
(⊇) can be proved in the similar way.

(iii) Let A be l–stable. By (i) and (ii), l(r(Ag))= l(r(A)g)= l(r(A))g= Ag,
so Ag is l–stable.
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4.2 Complex algebras of LC frames

Definition 10. Let (X, 61,62, C) be an LC frame. By the complex al-
gebra of X we mean a structure (L(X),u,t,0,1,g) with the operations
defined by (3), (4), (11) and the constants defined by (5) and (6). ut

Theorem 3. The complex algebra of an LC frame is an LC algebra.

Proof. From Lemma 10(ii), Agg= A, so it suffices to show that (AtB)g=
Ag tBg. For every x∈X,

x∈ (A tB)g iff C(x)∈A tB by the definition of g

iff C(x)∈ l(r(A) ∩ r(B)) by the definition of t
iff x∈ l(r(A) ∩ r(B))g by the definition of g

iff x∈ l((r(A) ∩ r(B))g) by Lemma 11(i)
iff x∈ l(r(A)g ∩ r(B)g) by Lemma 10(iv)

iff x∈ l(r(Ag) ∩ r(Bg)) by Lemma 11(ii)
iff x∈Ag tBg.

4.3 Canonical frames of LC algebras

Let (W,∧,∨, 0, 1, ^) be an LC algebra. As usual, FIP (W ) and X(W ) denote
the family of all filter–ideal pairs (resp. maximal filter–ideal pairs) of W .

First, observe the following

Lemma 12. (x1, x2)∈FIP (W ) iff (x^
1 , x^

2 )∈FIP (W ).

Proof. (⇒) Let (x1, x2)∈FIP (W ). From Lemma 9 it follows that x^
1 is a

filter of W and x^
2 is an ideal of W . Note that ∅^ = ∅. Then, by Lemma

8(vi) we get that x^
1 ∩ x^

2 = ∅, so (x^
1 , x^

2 )∈FIP (W )

(⇐) Let x1, x2⊆W be such that (x^
1 , x^

2 )∈FIP (W ). Then, by Lemmas
8(ii) and 9, x1 =x^^

1 is a filter of W and x2 = x^^
2 is an ideal of W . Next,

from Lemma 8(vi), (x1 ∩ x2)^ = ∅, so x1 ∩ x2 =(x1 ∩ x2)^^ = ∅. Whence
(x1, x2)∈FIP (W ).

Let us now define a mapping C? : FIP (W ) → FIP (W ) as follows: for every
x∈FIP (W ),

C?(x) = (x^
1 , x^

2 ). (12)

Lemma 13. If x is a maximal filter–ideal pair of W , then so is C?(x).
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Proof. Let x =(x1, x2)∈FIP (W ). Assume that (x^
1 , x^

2 ) is not maximal.
By Proposition 1, it can be extended to the maximal filter–ideal pair, say
y =(y1, y2). Then x^

1 ⊆ y1, x^
2 ⊆ y2 and (x^

1 , x^
2 ) 6=(y1, y2). By Lemma 8(ii)

and 8(iii) we get x1⊆ y^
1 , x2⊆ y^

2 and (x1, x2) 6=(y^
1 , y^

2 ), which means
that (x1, x2) is not a maximal filter–ideal pair.

Definition 11. Let (W,∧,∨, 0, 1, ^) be an LC algebra. A canonical frame
of W is a structure (X(W ), 41, 42, C

?), where 4 1, 4 2 and C? are defined
by (7), (8) and (12), respectively. ut

Theorem 4. The canonical frame of a LC algebra is an LC frame.

Proof. Let x, y ∈X(W ) and assume that x41y. This means that x1⊆ y1. By
Lemma 8(iii), x^

1 ⊆ y^
1 , so C?(x) 41C

?(y). Hence (MC.1) holds. In the anal-
ogous way we can show that (MC.2) holds. Finally, let x=(x1, x2)∈X(W ).
Then we have C?(C?(x))= (x^

1
^, x^

2
^)= (x1, x2)= x by Lemma 8(ii), so

the condition (SC) also holds.

4.4 Relational representation of LC algebras

In this section we conclude our discussion of LC algebras by showing their
relational representability.

Theorem 5 (Representation theorem for LC algebras). Every LC al-
gebra is isomorphic to a subalgebra of the complex algebra of its canonical
frame.

Proof. Let (W,∧,∨, 0, 1, ^) be an LC algebra, (X(W ), 4 1, 4 2, C
?) be the

canonical frame of W and let (L(X(W )),u,t,0,1,g) be the complex algebra
of the canonical frame of W . By Theorems 3 and 4 it follows that L(X(W ))
is an LC algebra, so it suffices to show that W is isomorphic to a subalgebra
of L(X(W )).
Let the mapping h : W → 2X(W ) be defined as in (9), i.e. h(a) = {x∈X(W ) :
a∈x1}, a∈W . We show that for every a∈W , h(a^)= h(a)g. For every
x∈X(W ) and for every a∈W we have: x∈h(a^) iff a^ ∈x1 iff a∈x^

1 iff
C?(x)∈h(a) iff x∈h(a)g.

5 LP algebras

LP algebras are a join of a not necessary distributive bounded lattice with
a monoid. The monoid product operation is an abstract counterpart to the
relational composition and the unit element of the monoid corresponds to
the identity relation.
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Definition 12. An LP algebra is a structure (W,∧,∨, 0, 1,¯, 1′) such that
(W,∧,∨, 0, 1) is a bounded lattice and for all a, b, c∈W ,

(P.1) a¯ 1′ = 1′¯ a = a
(P.2) a¯ (b¯ c) = (a¯ b)¯ c
(P.3) a¯ (b ∨ c) = (a¯ b) ∨ (a¯ c)
(P.4) (a ∨ b)¯ c = (a¯ c) ∨ (b¯ c). ut

Lemma 14. Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra. For all a, b, c∈W , if
a6 b, then

(i) c¯ a 6 c¯ b
(ii) a¯ c 6 b¯ c.

Proof.
(i) Let a 6 b. Then a∨ b= b, so c¯ (a∨ b) = c¯ b. Hence, by axiom (P.3), we
get (c¯ a) ∨ (c¯ b) = c¯ b, which implies c¯ a6 c¯ b.
(ii) This can be proved in an analogous way.

5.1 LP frames

In this section we follow the developments of Allwein and Dunn ([1]). How-
ever, the difference is that here we consider an abstract notion of an LP
frame, not only the canonical frame of an LP algebra.

Definition 13. An LP frame is a relational system (X, 61,62, R, S, Q, I)
such that (X, 61, 62) is a doubly ordered set, R, S, Q are ternary relations
on X and I ⊆X is an unary relation on X such that the following conditions
are satisfied: for all x, x′, y, y′, z, z′ ∈X,

A. Monotonicity conditions
(MP.1) R(x, y, z) & x′61 x & y′61 y & z 61 z′ ⇒ R(x′, y′, z′)
(MP.2) S(x, y, z) & x62 x′ & y′61 y & z′62 z ⇒ S(x′, y′, z′)
(MP.3) Q(x, y, z) & x′61 x & y 62 y′ & z′62 z ⇒ Q(x′, y′, z′)
(MP.4) I(x) & x61 x′ ⇒ I(x′)

B. Stability conditions
(SP.1) R(x, y, z) ⇒ ∃x′′ ∈X (x61 x′′ & S(x′′, y, z))
(SP.2) R(x, y, z) ⇒ ∃y′′ ∈X (y 61 y′′ & Q(x, y′′, z))
(SP.3) S(x, y, z) ⇒ ∃z′′ ∈X (z 62 z′′ & R(x, y, z′′))
(SP.4) Q(x, y, z) ⇒ ∃z′′ ∈X (z 62 z′′ & R(x, y, z′′))
(SP.5) ∃u∈X(R(x, y, u) & Q(x′, u, z)) ⇒ ∃w∈X(R(x′, x, w) & S(w, y, z))
(SP.6) ∃u∈X(R(x, y, u) & S(u, z, z′)) ⇒ ∃w∈X(R(y, z, w) & Q(x,w, z′))
(SP.7) I(x) & (R(x, y, z) or R(y, x, z)) ⇒ y 61 z

(SP.8) ∃u∈X(I(u) & S(u, x, x))
(SP.9) ∃u∈X(I(u) & Q(x, u, x)). ut
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Lemma 15. For every LP frame (X, 61, 62, R, S, Q, I) and every l–stable
subset A⊆X it holds for all x, y, z ∈X:

I(x) & (y ∈A) & (R(x, y, z) or R(y, x, z)) ⇒ z ∈A.

Proof.
Let x, y, z ∈X and assume that (1) I(x) (2) y ∈A and (3) R(x, y, z) or
R(y, x, z). By (SP.7), we get from (1) and (3) that (4) y 61 z. Since A is
l–stable, by Lemma 1(i) it is 61–increasing, so (2) and (4) imply z ∈A.

For an LP frame (X, 61, 62, R, S, Q, I), let us define two mappings ¯Q , ¯S :
2X × 2X → 2X by: for all A,B⊆X,

A¯Q B = {z ∈X : ∀x, y ∈X (Q(x, y, z) & x∈A ⇒ y ∈ r(B))} (13)
A¯S B = {z ∈X : ∀x, y ∈X (S(x, y, z) & y ∈B ⇒ x∈ r(A)}. (14)

Lemma 16. For every LP frame (X, 61,62, R, S, C, I) and for all l–stable
subsets A,B⊆X, A¯S B =A¯Q B.

Proof. (�) Let z ∈X and assume that z 6∈A¯Q B. We show that z 6∈A¯S B.
By assumption, there exist x, y ∈X such that (1) Q(x, y, z), (2) x∈A and
(3) y 6∈ r(B). From (3), there is y′ ∈X such that (4) y 62 y′ and (5) y′ ∈B.
Moreover, (2) implies (6) x 6∈ r(A). Next, from (1) and (4) we get by (MP.3)

that Q(x, y′, z), which by (SP.4) implies that there exists z′ ∈X such that
(7) z 62 z′ and (8) R(x, y′, z′). Furthermore, applying (SP.1), we get from
(8) that there exists x′ ∈X such that (9) x61 x′ and (10) S(x′, y′, z′). Also,
by (MP.2), from (7) and (10) it follows that (11) S(x′, y′, z). Therefore,
we have that for some x′, y′ ∈X, (11), (5) and (6) hold, which means that
x 6∈A¯S B.
The proof of (�) is similar.

Lemma 17. For any A,B⊆X,

(i) A¯Q B and A¯S B are 62–increasing
(ii) if A and B are l–stable, then A¯Q B and A¯S B are r–stable.

Proof.
(i) Let A,B⊆X and suppose that A¯Q B is not 62–increasing. Then, by
Definition 2, there exist x, y ∈X such that (i.1) x∈A¯Q B, (i.2) x61 y and
(i.3) y 6∈A¯Q B. By the definition (13), (i.3) means that there exist u,w∈X
such that (i.4) Q(u,w, y), (i.5) u∈A and (i.6) w 6∈ r(B). However, by (MP.3),
(i.2) and (i.4) imply Q(u, w, x), which together with (i.5) and (i.6) gives
x 6∈A¯Q B – a contradiction with (i.1).
In the similar way one can show that A¯S B is 62–increasing.
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(ii) Let A,B⊆X be l–stable sets. By (i), A¯Q B is 62–increasing. There-
fore, by Lemma 4(iii), A¯Q B⊆ r(l(A¯Q B)), so it suffices to show that
r(l(A¯Q B))⊆A¯Q B.
Let z ∈X and assume that z 6∈A¯Q B. We show that (ii.1) z 6∈ r(l(A¯Q B)).
By the definition (13) of ¯Q , there exist x, y ∈X such that (ii.2) Q(x, y, z),
(ii.3) x∈A and (ii.4) y 6∈ r(B). From (ii.4), there exists y′ ∈X such that
(ii.5) y 62 y′ and (ii.6) y′ ∈B. By (MP.3), (ii.2) and (ii.5) imply Q(x, y′, z),
which by (SP.4) gives that there exists z′ ∈X such that (ii.7) z 62 z′ and
(ii.8) R(x, y′, z′).
Now we show that (ii.9) z′ ∈ l(A¯Q B). Let z′′ ∈X and assume that (ii.10)

z′61 z′′. Hence, by (MP.1), from (ii.8) we get that R(x, y′, z′′), which by
(SP.2) implies that there exists y′′ ∈X such that (ii.11) y′61 y′′ and (ii.12)

Q(x, y′′, z′′). Next, (ii.10) and (ii.12) imply (ii.13) Q(x, y′′, z′) by (MP.3).
Furthermore, since B is l–stable, it is 61–increasing, so from (ii.6) and
(ii.11), y′′ ∈B. It follows that (ii.14) y′′ 6∈ r(B). Then we have that for some
x, y′′ ∈X, (ii.3), (ii.13) and (ii.14) hold, which means that z′ 6∈A¯Q B. Since
z′′ was an arbitrary element satisfying (ii.10), we obtain that for any z′′ ∈X,
z′61 z′′ implies z′ 6∈A¯Q B, so (ii.9) follows. Finally, from (ii.7) and (ii.9)

we obtain z 6∈ rl(A¯Q B).
Proceeding in the similar way we can show that A¯S B is r–stable.

Let us define a mapping ⊗ : 2X × 2X → 2X as follows: for all A, B⊆X,

A⊗B = l(A¯Q B). (15)

Lemma 18. Let A,B⊆X. If A and B are l–stable sets, then so is A⊗B.

Proof. By Lemma 17(ii), A¯Q B is r–stable, so from Lemma 1(vi) we get
that l(A¯Q B) is l–stable.

Given an LP frame (X, 61, 62, R, S, Q, I), let us define

1′ = l(r(I)) (16)

Lemma 19. 1′ is l–stable.

Proof. Follows from Lemma 1(ii) and (iv).

5.2 Complex algebras of LP frames

Definition 14. Let (X, 61,62, R, S, Q, I) be an LP frame. A complex al-
gebra of X is a structure (L(X),u,t,0,1,⊗,1′) with operations defined
by (3)–(6), (15) and (16). ut
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Our aim now is to show that complex algebras of LP frames are LP algebras.
To this end, we show that any complex algebra of an LP frame satisfies
axioms (P.1)–(P.4).

First, we prove that axiom (P.1) is satisfied in L(X).

Lemma 20. Let (L(X),u,t,0,1,⊗,1′) be a complex algebra of an LP frame
X. Then for every A∈L(X),

(i) 1′⊗A = A

(ii) A⊗1′ =A.

Proof.
(i) Let A∈L(X). We show that 1′¯Q A = r(A). Then l(1′¯Q A)= l(r(A)),
which by the assumption and the definition (15) gives the result.
(�) Let z ∈X and assume that z 6∈ r(A). Then there exists w∈X such that
(i.1) z 62 w and (i.2) w∈A. From (SP.8), there exists x∈X such that (i.3)

I(x) and (i.4) S(x,w, w). Next, from (MP.4), I is 61–increasing, so by
Lemma 4(ii), I ⊆ l(r(I)), which together with (i.3) implies x∈ l(r(I)), or
equivalently, by the definition (16), (i.5) x∈1′. Also, by (MP.2), (i.1) and
(i.4) imply S(x,w, z). Then, in view of (SP.3), there exists z′ ∈X such that
(i.6) z 62 z′ and (i.7) R(x,w, z′). Furthermore, (i.7) implies by (SP.2) that
there exists y ∈X such that (i.8) w 61 y and (i.9) Q(x, y, z′). From (i.6) and
(i.9) we get by (MP.3) that (i.10) Q(x, y, z). Since A is l–stable, by Lemma
1(i) it is 61–increasing. Then (i.2) and (i.8) imply y ∈A, so y 6∈ r(A), which
together with (i.5) and (i.10) gives z 6∈1′¯Q A by the definition (13).
(�) Let z ∈X and assume that z 6∈1′¯Q A. We show that z 6∈ r(A).
By assumption, for some x, y ∈X we have: (i.11) Q(x, y, z), (i.12) x∈1′ and
(i.13) y 6∈ r(A). From (i.13), there exists y′ ∈X such that (i.14) y 62 y′ and
(i.15) y′ ∈ A. By (MP.3), from (i.11) and (i.14) it follows that Q(x, y′, z),
which by (SP.4) implies that there exists z′ ∈X such that (i.16) z 62 z′ and
(i.17) R(x, y′, z′). It suffices to show that z′ ∈A. Then, by (i.16) and the
definition (1), z 6∈ r(A).
Suppose that z′ 6∈A. By l–stability of A, this means that z′ 6∈ l(r(A)), i.e.
there exists z′′ ∈X such that (i.18) z′61 z′′ and (i.19) z′′ ∈ r(A). Applying
(MP.1), from (i.17) and (i.18), R(x, y′, z′′), which by (SP.1) implies that
there exists x′ ∈X such that (i.20) x61 x′ and (i.21) S(x′, y′, z′′). From
(i.12), x∈1′ = l(r(I)). Hence, by (i.20) and the definition (2), x′ /∈ r(I), so
there exists x′′ ∈X such that (i.22) x′62 x′′ and (i.23) x′′ ∈ I. By (MP.2),
(i.21) and (i.22) imply S(x′′, y′, z′′), which by (SP.3) gives that there ex-
ists w∈X such that (i.24) z′′62 w and (i.25) R(x′′, y′, w). Now, applying
Lemma 15, (i.25), (i.23) and (i.17) imply w∈A, which together with (i.24)

gives z′′ 6∈ r(A), which contradicts (i.20).
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(ii) Let A∈L(X). As before, we will show that A¯Q 1′ = r(A). Hence we
will have A⊗1′ = l(A¯Q 1′)= r(l(A))= A.
(�) Let z ∈X and assume that z 6∈ r(A). By the definition (2) this means
that there exists x∈X such that (ii.1) z 62 x and (ii.2) x∈A. From (SP.9),
there exists y ∈X such that (ii.3) y ∈ I and (ii.4) Q(x, y, x). From (MP.4),
I is 61–increasing, so by Lemma 4(ii), I ⊆ l(r(I))=1′. Then from (ii.3) it
follows that y ∈1′, whence (ii.5) y 6∈ r(1′). Next, by (MP.3), (ii.1) and (ii.4)

imply (ii.6) Q(x, y, z). Therefore, there exist x, y ∈X such that (ii.2), (ii.5)

and (ii.6) hold, which by the definition (13) means that z 6∈A¯Q 1′.
(�) We have to show that r(A)⊆A¯Q 1′. Assume that z 6∈A¯Q 1′. By the
definition (13), there exist x, y ∈X such that (ii.7) Q(x, y, z), (ii.8) x∈A and
(ii.9) y 6∈ r(1′). From (ii.9), there exists y′ ∈X such that (ii.10) y 62 y′ and
(ii.11) y′ ∈1′. By (MP.3), (ii.7) and (ii.10) imply Q(x, y′, z), from which,
by (SP.4), it follows that there exists z′ ∈X such that (ii.12) z 62 z′ and
R(x, y′, z′). Proceeding in the similar way as in the proof of (�) in (i), we
can show that z′ ∈A, which together with (ii.12) implies z 6∈ r(A).

The following lemma states that (P.2) is satisfied in L(X).

Lemma 21. Let (L(X),u,t,0,1,⊗,1′) be the complex algebra of an LP
frame X. Then for all A,B, C ∈L(X), the following equality holds:

A⊗ (B⊗C) = (A⊗B)⊗C.

Proof. Let A,B, C ⊆X be l–stable sets. In view of Lemma 16 it suffices to
show that A¯Q (B⊗C) = (A⊗B)¯S C.
(�) Let z ∈X and assume that z 6∈ (A⊗B)¯S C. By the definition (14),
this means that there exist x, y ∈X such that (1) S(x, y, z), (2) y ∈ C and
(3) x 6∈ r(A⊗B). But r(A⊗B) = r(l(A¯Q B)) by the definition (15). Next,
by Lemma 16, r(l(A¯Q B))= r(l(A¯S B)). Moreover, A¯S B is r–stable by
Lemma 17(ii), so r(l(A¯S B))= A¯S B. Then we have r(A⊗B)= A¯S B.
Hence, from (3) we get x 6∈A¯S B, which means that there exist u, v ∈X such
that (4) S(u, v, x), (5) v ∈B and (6) u 6∈ r(A). From (6), there exists u′ ∈X
such that (7) u62 u′ and (8) u′ ∈A. By the monotonicity condition (MP.2),
(4) and (7) imply S(u′, v, x), which by (SP.3) gives that there exists x′ ∈X
such that (9) x 62 x′ and (10) R(u′, v, x′). Applying again (MP.2), from
(1) and (9) we get that S(x′, y, z). Therefore, there exists x′ ∈X such that
R(u′v, x′) and S(x′, y, z). By (SP.6), this implies that there exists w∈X such
that (11) R(v, y, w) and (12) Q(u′, w, z). Next, by (SP.1), (11) implies that
there exists v′ ∈X such that (13) v 61 v′ and (14) S(v′, y, w). Since B is l–
stable, it is 61–increasing. Then (5) and (13) imply v′ ∈B, so (15) v′ 6∈ r(B).
We have then obtained that there exist y, v′ ∈X such that (2), (14) and (15)

hold, which by the definition (14) means that (16) w 6∈B¯S C. From Lemma
17, B¯S C is r–stable, so B¯S C = r(l(B¯S C))= r(l(B¯Q C))= r(B⊗C)
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by Lemma 16. Whence (16) implies (17) w 6∈ r(B⊗C). Then we finally get
that there exist u′, w∈X such that (8), (12) and (17) hold. By the definition
(13), this means that z 6∈A¯Q (B⊗C).
Proceeding in the similar way, and using (SP.5), (�) can be proved.

Finally, we show that axioms (P.3) and (P.4) are satisfied in complex algebras
of LP frames.

Lemma 22. Let (L(X),u,t,0,1,⊗,1′) be the complex algebra of an LP
frame X. Then for all A,B, C ∈L(X),

(i) A⊗ (B t C) = (A⊗B) t (A⊗C)
(ii) (B t C)⊗A = (B⊗A) t (C ⊗A).

Proof.
(i) Let A,B, C ⊆X be l–stable sets. First we show that (i.1) A¯Q (BtC)=
(A¯Q B) ∩ (A¯Q C).
For every x∈X the following equivalences hold:

x∈ (A¯Q B) ∩ (A¯Q C)
iff x∈A¯Q B & x∈A¯Q C

iff [∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(B))]
& [∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(C))]

iff ∀y, z ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(B) ∩ r(C)).

By Lemma 1(vii), r(B)∩r(C) is r–stable, so r(B)∩r(C)= r(l(r(B)∩r(C))).
Hence, by the definition (4) we get

x∈ (A¯Q B) ∩ (A¯Q C)
iff ∀y, z, ∈X (Q(y, z, x) & y ∈A ⇒ z ∈ r(l(r(B) ∩ r(C))))
iff x∈A¯Q l(r(B) ∩ r(C))
iff x∈A¯Q (B t C).

So (i.1) holds. Hence (i.2) l(A¯Q (B t C))= l((A¯Q B) ∩ (A¯Q C)). Note
that (i.3) l(A¯Q (B tC))= A⊗ (B tC). Next, by Lemma 17(ii), A¯Q B is
r–stable, so r(l(A¯Q B)) = A¯Q B. Using again the definition (4), we get

l((A¯Q B) ∩ (A¯Q C)) = l(r(l(A¯Q B)) ∩ r(l(A¯Q C)))
= l(A¯Q B) t l(A¯Q C)
= (A⊗B) t (A⊗C).

Hence, by (i.2) and (i.3) we get the required result.
(ii) can be proved in the similar way.

From Lemmas 20, 21 and 22 we get:

Theorem 6. The complex algebra of an LP frame is an LP algebra.
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5.3 Canonical frames of LP algebras

Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra. As before, by a filter (resp. ideal)
of W we mean a filter (resp. ideal) of the underlying lattice (W,∧,∨, 0, 1).
We will write X(W ) to denote the family of all maximal filter–ideal pairs of
the lattice reduct of W .

Let us define the following ternary relations on X(W ): for all x, y, z ∈X(W ),

R?(x, y, z) iff (∀a, b∈W ) a∈x1 & b∈ y1 ⇒ a¯ b∈ z1 (17)
S?(x, y, z) iff (∀a, b∈W ) a¯ b∈ z2 & b∈ y1 ⇒ a∈x2 (18)
Q?(x, y, z) iff (∀a, b∈W ) a¯ b∈ z2 & a∈x1 ⇒ b∈ y2 (19)

Moreover, let

I? = {x∈X(W ) : 1′ ∈x1}. (20)

Definition 15. Let an LP algebra (W,∧,∨, 0, 1,¯, 1′) be given. The struc-
ture (X(W ), 41,42, R

?, S?, Q?, I?) is called a canonical frame of W . ut

The following two lemmas can be proved as in [1].

Lemma 23. Let (X(W ),41, 42, R
?, S?, Q?, I?) be the canonical frame of an

LP algebra. Then R?, S?, Q? and I? satisfy monotonicity conditions (MP.1)–
(MP.4) of Definition 13.

Lemma 24. Let (X(W ), 41, 42, R
?, S?, Q?, I?) be the canonical frame of

an LP algebra. Then R?, S?, Q? and I? satisfy stability conditions (SP.1)–
(SP.9) of Definition 13.

Lemmas 23 and 24 imply the following theorem:

Theorem 7. The canonical frame of an LP algebra is an LP frame.

5.4 Relational representation for LP algebras

Let (W,∧,∨, 0, 1,¯, 1′) be an LP algebra, (X(W ), 41, 42, R
?, S?, Q?, I?) be

its canonical frame and let (L(X(W )),u,t,0,1,⊗,1′) be the complex alge-
bra of X(W ). Let the mapping h : W → 2X(W ) be defined as in (9), i.e. for
every a∈W ,

h(a) = {x∈X(W ) : a∈x1}.

Our aim is to show that W is isomorphic to a subalgebra of L(X(W )).



18 I. Düntsch et al.

To begin, we introduce the following auxiliary notation: Given an LP algebra,
for any A, B⊆W denote

A¯B = {a¯ b : a∈A & b∈B}.

First, note the following

Lemma 25. Let an LP algebra (W,∧,∨, 0, 1,¯, 1′) be given and let F and I
be a filter and an ideal of W , respectively. Then

U = {a∈W : ({a} ¯ F ) ∩ I 6= ∅}
V = {a∈W : (F ¯ {a}) ∩ I 6= ∅}

are ideals of W .

Proof. We show that U is an ideal of W . Let (1) a∈U and (2) b6 a. From
the definition of U , (1) implies that there is c∈F such that (3) a¯ c∈ I. By
Lemma 14(i), (2) implies (4) b¯ c 6 a¯ c. Since I is a ideal, (3) and (4) give
(5) b¯ c∈ I. So for some c∈F , (5) holds, which gives b∈U .
Let a, b∈U . We shall show that a∨b∈U . By assumption, there exist c, d∈F
such that (6) a¯ c∈ I and (7) b¯ c∈ I. Since c ∧ d 6 c, by Lemma 14(i)
we have that a¯ (c ∧ d)6 a¯ c and b¯ (c ∧ d)6 b¯ c, so by (6) and (7)

we get (a¯ (c ∧ d)∈ I and (b¯ (c ∧ d)∈ I. Since I is an ideal, (a¯ (c ∧ d))∨
(b¯ (c∧d))∈ I. From axiom (P.4), (a¯ (c∧d))∨(b¯ (c∧d))= (a∨b)¯ (c∧d),
so (8) (a∨b)¯ (c∧d)∈ I. Since F is a filter, c∧d∈F . So we have shown that
for some c′= c ∧ d∈F , (a ∨ b)¯ c′ ∈ I, which by the definition of U implies
that a ∨ b∈U .
Proceeding in the similar way we can show that V is an ideal.

Theorem 8 (Representation theorem for LP algebras). Every LP al-
gebra is isomorphic to a subalgebra of the complex algebra of its canonical
frame.

Proof. We have to show that

(i) h(1′) = 1′

(ii) h(a¯ b)= h(a)⊗h(b).

(i) Note that by (20), I? =h(1′), so from Theorem 1(ii), it is an l–stable set.
Also, 1′ = l(r(I?)) by (16). Hence 1′ = I?, i.e. h(1′) =1′.
(ii) (�) Let a, b∈W , z ∈X(W ) and assume that z ∈h(a¯ b). Then it holds
(ii.1) a¯ b∈ z1. We have to show that z ∈h(a)⊗h(b). By the definition
(15) and Lemma 16, this means that for any w∈X(W ), if z 41w, then
w 6∈h(a)¯S h(b). Assume that z 41w, i.e. (ii.2) z1⊆w1. We will show that
(ii.3) w 6∈h(a)¯S h(b).
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Let [a) be the filter generated by a, i.e. [a)= {e∈W : a6 e}. Define

U = {c∈W : ([a)¯ {c}) ∩ w2 6= ∅}.
By Lemma 25, U is an ideal. We show that (ii.4) b 6∈U . Suppose that b∈U .
Then there exists e∈ [a) such that (ii.5) e¯ b∈w2. Since e∈ [a), a 6 e, so
a∨e = e. Hence (ii.6) (a∨e)¯ b = e¯ b. By axiom (P.4), (a∨e)¯ b=(a¯ b)∨
(e¯ b). So we have (a¯ b)∨ (e¯ b) = e¯ b, whence a¯ b6 e¯ b. Then, since
w2 is an ideal, by (ii.5) we get a¯ b∈w2, so a¯ b 6∈w1, which by (ii.2) gives
a¯ b 6∈ z1 – a contradiction with (ii.1).
Then ([b), U)∈FIP (W ). Let (y1, y2) be its extension to the maximal filter–
ideal pair. Hence (ii.6) [b)⊆ y1 and (ii.7) U ⊆ y2. From (ii.6), b∈ y1, so (ii.8)

y ∈h(b).

Next, let us consider the set

V = {c∈W : ({c} ¯ y1) ∩ w2 6= ∅}.
By Lemma 25, V is an ideal. We show that (ii.9) a 6∈V . Suppose that a∈V .
Then there exists e∈L such that (ii.10) e∈ y1 and (ii.11) a¯ e∈w2. By the
definition of U , (ii.11) means that e∈U , so by (ii.7), e∈ y2. Whence e 6∈ y1,
which contradicts (ii.10). So (ii.9) was proved. Then ([a), V )∈FIP (W ). Let
(x1, x2) be its extension to the maximal filter–ideal pair. Then we have (ii.12)

[a)⊆x1 and (ii.13) V ⊆x2. From (ii.13), a∈x1, so x∈h(a), which implies
(ii.14) x 6∈ r(h(a)).
Finally, we show that (ii.15) S?(x, y, w). By the definition (18) of S?, this
means that for all c, d∈W , c 6∈x2 and d∈ y1 imply c¯ d 6∈w2. Let c, d∈W be
such that c 6∈x2 and d∈ y1. It suffices to show that c¯ d 6∈ e2. Indeed, c 6∈x2

implies by (ii.13) that c 6∈V . From the definition of V , this gives that for any
e∈ y1, c¯ e 6∈w2, so in particular c¯ d 6∈w2. Therefore, for some x, y ∈X(W ),
(ii.8), (ii.14) and (ii.15) hold – by the definition (14) of ¯S (ii.3) follows.
(⊇) Let a, b∈L and let z ∈X(W ). Assume that z ∈h(a)⊗h(b). By the def-
inition (15) this is equivalent to (ii.16) z ∈ l(h(a)¯Q h(b)). Let y ∈X(W ) be
such that (ii.17) z1⊆ y1. Then from (ii.16), y /∈ h(a)¯Q h(b), which means
that there exist x,w∈X(W ) such that (ii.18) Q?(x,w, y), (ii.19) x∈h(a)
and (ii.20) w 6∈ r(h(b)). From (ii.19), a∈x1. Next, by Theorem 1(i), (ii.20)

implies (ii.21) b 6∈w2. By the definition (19), (ii.18) gives that for all a, b∈W ,
a¯ b∈ y2 and a∈x1 imply b∈w2. Hence, from (ii.19) and (ii.21), a¯ b 6∈ y2.
Applying again Theorem 1(i), we obtain y 6∈ r(h(a¯ b)), which together with
(ii.17) gives z ∈ l(r(h(a¯ b))). Since by Theorem 1(ii), h(a¯ b) is l–stable,
we finally get z ∈h(a¯ b).

6 LCP algebras

LCP algebras are meant to be relation algebras based on arbitrary bounded
lattices. Their axioms consist of the axioms (C.1) and (C.2) of converse, the
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axioms (P.1),. . . ,(P.4) of product and an additional axiom which tells us
how converse and product are related with each other. In the axiomatiza-
tion of classical relation algebras, this is done by postulating that converse
distributes over composition and also by the axiom

a¯ − (a^¯ − b) 6 b, (21)

where −x is the Boolean complement of x. It is well known that (21) is
equivalent to de Morgan’s Theorem K, one form of which states that

a¯ b 6−c iff a^¯ c 6−b iff c¯ b^ 6−a. (22)

In our present setting, we do not have complementation as a distinguished
operation, and thus, we cannot use (21). It may be argued that one could use
the complement free version of (22), namely,

(a¯ b) ∧ c =0 iff (a^¯ c) ∧ b =0 iff (c¯ b^) ∧ a=0. (23)

However, it is not quite clear whether this is useful because of the following:
Suppose that W is an LCP algebra (formally defined below), and let m 6∈ W .
Set W ′ = W ∪ {m}, and extend ordering and the operations of W over W ′

by
m6 x, m^ = m, m¯x = x¯m = m

for all x ∈ W ′. In other words, we are adding a new smallest element to W .

Lemma 26.

1. W ′ is an LCP algebra which satisfies (23)
2. If τ = σ is an equation of LCP algebras not containing 0, then

W |= τ = σ iff W ′ |= τ =σ.

Proof. The idea is to show that the equational classes generated by W and
W ′ are the same when 0 is omitted the signature. Suppose that Eq(W )
and Eq(W ′) are these classes. It suffices to show that W ∈Eq(W ′) and
W ′ ∈Eq(W ). The first claim follows from the fact that W is a subalgebra of
W ′. The second claim can be seen as follows. Let f : W ′ → W ×W defined
by

f(x) =

{
〈x, 1〉, if x 6= m,

〈0, 0〉, if x = m.

Then, f is an injective homomorphism, showing that W ′ ∈ ISP (W ). ut

It may also be worthy to note that (21) is equivalent to the statement

−(a^¯ − b) is the largest x with a¯x6 b,
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i.e. −(a^¯ − b) is the (right) residuum of ¯ . Hence, a more coherent way
would be to introduce residuals as e.g. in [22] as distinguished operators.

Let us formally define LCP algebras:

Definition 16. An LCP algebra is a system (W,∧,∨, 0, 1, ^,¯, 1′) such
that (W,∧,∨, 0, 1, ^) is an LC algebra, (W,∧,∨, 0, 1,¯, 1′) is an LP algebra
and for all a, b∈W the following holds:

(CP) (a¯ b)^ = b^¯ a^. ut

Note that

Lemma 27. For every LCP algebra (W,∧,∨, 0, 1, ^,¯, 1′), 1′ is an equiva-
lence element.

Proof. We have to show that 1′ is transitive and symmetric. Transitivity
follows from 1′ ¯ 1′ = 1′, and symmetry can be shown as follows:

1′^ = 1′^¯ 1′, by (P.1)

= (1′^¯ 1′)^^, by (C.1)

= (1′^¯ 1′)^, by (CP) and (C.1)

= 1′^^, by (P.1)

= 1′, by (C.1). ut

Example 1. Let us consider a system (W,∧,∨, 0, 1, ^, 1′) such that W =
{0, a, b, c, d, e, 1}, 1′= b and the operations ^ and ¯ are given in Tables 1
and 2 below, respectively.

x x^

0 0
a a

b b

c d

d c

e e

1 1

Table 1. Converse ^ of W

¯ 0 a b c d e 1
0 0 0 0 0 0 0 0
a 0 a a c d e 1
b 0 a b c d e 1
c 0 c c c e e c
d 0 d d 0 d 0 d
e 0 e e 0 e 0 e
1 0 1 1 c d e 1

Table 2. Product ¯ of W

By straightforward verification it is easy to check that W is an LCP algebra.
Note that the underlying lattice is not distributive and product of W is non–
commutative (c¯ e = e 6=0 = e¯ c). ut
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Fig. 1. An example
1

0

dcb

a
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As before, we start our discussion on LCP algebras by defining LCP frames.

Definition 17. An LCP frame is a system (X, 61, 62, C, R, S,Q, I) such
that (X, 61, 62, C) is an LC frame, (X, 61, 62, R, S, Q, I) is an LP frame and
moreover, for all x, y, z ∈X,

(SCP) Q(x, y, z) = S(C(y), C(x), C(z)). ut

Definition 18. Let (X, 41,42, C, R, S, Q, I) be an LCP frame. A complex
algebra of X is a structure (L(X),u,t,0,1,g,⊗,1′) with operations de-
fined by (3)–(6), (11), (15) and (16). ut

Theorem 9. The complex algebra of an LCP frame is an LCP algebra.

Proof. Let (X,41,42, C, R, S, Q, I) be an LCP frame and let (L(X),u,t,0,1,
g,⊗,1′) be its complex algebra. From Theorems 4 and 6 it follows that
(L(X),u,t,0,1,g) is an LC algebra and (L(X),u,t,0,1,⊗,1′) is an LP al-
gebra. It suffices to show that (CP) holds in L(X), i.e. (A⊗B)g=Bg⊗Ag

for all l–stable sets A,B⊆X.
(⊆) Let z ∈ (A⊗B)g. This is means that C(z)∈A⊗B, or equivalently, (1)

C(z)∈ l(A¯Q B). Let z′ ∈X be such that (2) C(z)61 z′. By (MC.1) and
(SC) this is equivalent to (3) z 61 C(z′). From (1) and (2) we get z′ 6∈A¯Q B.
By the definition (13) this means that there exist x, y ∈X such that (4)

Q(x, y, z′), (5) x∈A and (6) y 6∈ r(B). From (6), there exists y′ ∈X such that
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(7) y 62 y′ and (8) y′ ∈B. Next, (5) implies (9) C(x)∈Ag. Similarly, from
(8) it follows C(y′)∈Bg, so (10) C(y′) 6∈ r(Bg). By (MP.3), (4) and (7) im-
ply Q(x, y′, z′), which by (SCP) is equivalent to (11) S(C(y′), C(x), C(z′)).
Hence, by (9) and (10) we get that C(z′) 6∈Bg¯S Ag. Since A and B are
l–stable, by Lemma 11(iii) Ag and Bg are also l–stable. Hence, from Lemma
16, Bg¯S Ag= Bg¯Q Ag which together with (3) gives z ∈ l(Bg¯Q Ag),
that is z ∈Bg⊗Ag.
The proof of (�) is similar.

Let (W,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra. As before, by a filter (ideal)
of W we mean a filter (ideal) of the underlying lattice (W,∧,∨, 0, 1). We
will write X(W ) to denote the family of all maximal filter–ideal pairs of the
lattice reduct of W .

Definition 19. Let (W,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra. A canonical
frame of W is a structure (X(W ),41, 42, C

?, R?, S?, Q?, I?) such that 41

and 42 are defined by (7) and (8), respectively, and relations C?, R?, S?,
Q? and I? are defined by (12) and (17)–(20), respectively. ut

Theorem 10. The canonical frame of an LCP algebra is an LCP frame.

Proof. Let (X,∧,∨, 0, 1, ^,¯, 1′) be an LCP algebra and let (X(W ), 41, 42,
C?, R?, S?, Q?, I?) be its canonical frame. By Theorem 4, (X(W ),41,42, C

?)
is an LC frame. Next, by Theorem 7, (X(W ),41,42, R

?, S?, Q?, I?) is an LP
frame. It suffices to show that (SCP) holds.
Let x, y, z ∈X(W ). We have the following equivalences:

S?(C?(y), C?(x), C?(z))
iff (∀a, b∈W ) a¯ b∈ z^

2 & b∈x^
1 ⇒ a∈ y^

2 by (18)
iff (∀a, b∈W ) (a¯ b)^ ∈ z2 & b^ ∈x1 ⇒ a^ ∈ y2 by (10)
iff (∀a, b∈W ) b^¯ a^ ∈ z2 & b^ ∈x1 ⇒ a^ ∈ y2 by axiom (CP)

iff Q?(x, y, z) by (19).

We conclude the paper by showing the representability of LCP algebras.

Theorem 11. Every LCP algebra is isomorphic to a subalgebra of the com-
plex algebra of its canonical frame.

Proof. Follows from Theorems 5, 8, 9 and 10.
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7 Conclusions

In this paper we have studied not necessarily distributive lattices with the
operators which are the abstract counterparts to the converse and composi-
tion of binary relations. On the algebraic side, we have presented relational
representation theorems for these classes of algebras. The representation the-
orems are obtained by a suitable extensions of the Urquhart representation
theorem for lattices [25]. However, here we stress the relational aspect of rep-
resentability, and we omit the topological aspect. On the logical side, with
every class of algebras studied in the paper we associate an appropriate class
of frames. These frames constitute a basis of a Kripke-style semantics for
the logics whose algebraic semantics is determined by the classes of alge-
bras presented in the paper. The representation theorems would enable us to
prove completeness of the logics. For a detailed elaboration of the respective
relational logics one can follow the developments in [1] and [23].

The further work is planned on the class of relation algebras based on double
residuated lattices presented in [22]. The signature of such algebras extends
the signature of LCP algebras with the residuation operators determined by
the product, and with the sum and its dual residua. In these algebras com-
plement operations are definable in terms of residua. Therefore the axioms
of this class of algebras should include some counterparts to the De Morgan
theorem K.
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