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Abstract 
 

We describe a series of exhaustive computer searches to 
determine the maximum number of words in ternary codes of 
length 10 and minimum distance 7, and to find all such optimal 
codes. We show that there are exactly 10 inequivalent (10, 14, 7) 
ternary codes. We prove A3(10, 7) = 14 by showing that  none of 
the (10, 14, 7)3 codes can be extended to a (10, 15, 7)3 code, 
thereby also giving A3(11, 7)≤42 and A3(12, 7)≤126. We present 
estimates related to the time required to establish the exact value 
of A3(11, 7). 

 
 
1. Introduction 
 
An (n, M, d)q error-correcting code is a set of M codewords of length n with 
components from GF(q); additionally, any pair of codewords differ in at least d 
positions. The value M is called the size of the code, and the value d is called the 
minimum distance of the code. Further discussion of the fundamentals of error-
correcting codes can be found in [5]. 

Given values for n, d and q, a fundamental problem is to determine the largest value 
of M for which there exists an (n, M, d)q code. This largest value of M is denoted as 
Aq(n, d) and codes attaining this bound are called optimal. For many values of n, d, 
and q, the exact value of Aq(n, d) is not known. 
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Two codes Ca and Cb are said to be equivalent if Cb can be produced from Ca by: 
permuting the positions of the symbol columns over all codewords, permuting the 
symbols in one or more columns, or any combination thereof. 

In [9], Östergård et al. presented a backtrack search method which was used to 
efficiently solve the open questions concerning the maximum numbers of 
codewords in binary non-linear (10, 3) and (11, 3) codes. This method also 
produced all the inequivalent codes reaching those bounds. In a further paper [8], 
this method was extended to search for mixed binary/ternary codes. In this paper, 
we show how one may adapt the method for use with any value of q, and apply it to 
the search for optimal ternary (10, 7) codes. 

2. Backtrack Search 
 
The model for the search described here follows the model presented in [9]. This 
search starts with trivially small ‘seed’ codes and proceeds to generate codes of 
increasing size and length until codes of the desired size and length are produced. 
The search produces codes exhaustively; thus, if the search cannot generate them, 
they do not exist. Further, the search prunes codes that are equivalent to previously 
discovered codes. 

In order to determine the value of the desired bound, it is necessary to both 
demonstrate the existence of codes reaching the bound and the non-existence of 
codes beyond it. This can be accomplished by first generating all inequivalent codes 
reaching the bound and second showing that none of these may be extended to 
larger codes. 

3. Building Codes 

We shall now discuss the basic procedures we use to "build" codes in our search. 
First we consider some observations on the structure of codes. As a result of these 
observations, we have two procedures: extending and lengthening-and-extending. 
We shall discuss the observations and their implications. 

3.1. Extending 
 
Suppose that we have an (n, M-1, d)q code C. Let w be any codeword which is at a 
distance of at least d from all of the M-1 codewords in C. Then we can create an (n, 
M, d)q code by appending w to C. We call this procedure extending. 

This underlies the backtrack search process. Given all inequivalent (n, M-1, d)q 
codes, we create all inequivalent (n, M, d)q codes by appending compatible 
codewords. We will later discuss how we may restrict this search to inequivalent 



codes. In a backtrack search, this permits the desired codes to be "grown", one 
codeword at a time. 

3.2. Lengthening-and-Extending 

Suppose that we partition an (n, M, d)q code C into q subcodes according to 
common values in some symbol column. Call these codes C0, C1, . . ., Cq-1. Note 
that all the symbols in the partition column will be the same within each subcode 
and thus do not contribute to the distances between the codewords. Therefore we 
may delete that symbol position from each subcode, producing in each case an (n-1, 
d)q code. 

Therefore we may create (n, M, d)q codes by adding a constant-filled symbol 
column to an (n-1, M-1, d)q code to produce an (n, M-1, d)q code and then extending 
it as described above. We call this procedure lengthening-and-extending.  

3.3. Base Codes 

We now need to consider which codes should be used as base codes to begin our 
search. 

Suppose that we have an (n, M, d)q code C. Partition C into q subcodes C0, C1, …, 
Cq-1 based on the value in its leftmost column: Ci should contain all codewords from 
C for which the leftmost column has the value i. In fact we may assume that we 
have |C0| ≥ |C1| ≥ . . . ≥ |Cq-1|. If this is not the case, then we can create an equivalent 
code C’, with |C’0| ≥ |C’1| ≥ . . . ≥ |C’q-1|, by permuting the values in the leftmost 
column. As a result, we may assume that |C0| ≥ M/q. Also note that if we delete 
this leftmost position from C0, we obtain an (n-1, |C0|, d) code. 

Therefore in our search for (n, M, d)q codes, we need only to consider (n-1, M’, d) 
codes with M’ ≥ M/q. 

3.4. Upper and Lower Bounds 
 
The lower bound for Aq(n, d) may be established by considering the largest known 
(n,d)q code or codes: Aq(n, d) ≥ |Cknown|. In performing the search, we first find all 
inequivalent (n, |Cknown|, d)q codes. We then use these in our attempt to find larger 
codes. 

We may also establish upper bounds. Consider an (n, Aq(n, d), d)q code. We may 
partition this code into q (n-1, d)q subcodes based on the value in some column 
position. These subcodes are each subject to the bound Aq(n-1, d). Therefore we 
have Aq(n, d)≤ qAq(n-1, d) 



4. Code Equivalence 
 
There are two ways that we discard equivalent codes in this search. The first is 
implicit within the ordering of the codewords during the search. The second is by 
explicit equivalence detection and pruning. 

4.1. Ordering 
 
Although the definition of code given above refers to a set of codewords, in practice 
we represent the code as a list. Two lists of codewords represent the same code if 
they contain the same set of codewords. Thus when generating codes, we ensure 
that codewords are added to (the list representing) a code in lexicographic order. 

Recall that we generate codes by appending compatible codewords to smaller base 
codes. When attempting to extend a given base code, we need only to consider 
those codewords lexicographically greater than the largest codewords already in the 
base code; the addition of any other vectors would result in a code previously 
generated. 

4.2. Determining Equivalent Codes 
 
While the ordering method presented previously does reduce the number of codes 
being considered, it does not prevent the generation of all of them. To maintain the 
smallest search space possible, it is necessary to do explicit equivalence comparison 
on the codes generated by the search. Specifically, any code found to be equivalent 
to a lexicographically lesser code can be pruned immediately. 

The method used to test codes for equivalence is based on that described in [9] and 
extended in [8]. If we wish to compare two codes, we first convert those codes into 
graphs, and then compare the graphs for isomorphism using the nauty system [6].  

4.2.1. Code-to-Graph Conversion 
 
The conversion procedure is as follows: 

Given an (n, M, d)q code, create n q-tuples of vertices and assign a unique symbol 
column to each q-tuple. Within each q-tuple, assign each value in GF(q) to a 
different vertex and join each vertex within the q-tuple to each other to form a 
clique. Call these q-tuples the column q-tuples and each vertex within them a 
column/value vertex. Further, create a vertex for each of the M codewords and 
assign them to the codewords accordingly. Call these vertices the codeword 
vertices. Colour the codeword vertices differently from the column/value vertices. 



 

Figure 1: Conversion of Ternary Code {000, 012} to Graph 

For each codeword i, if the value j appears in position k in the codeword, then 
create an edge joining the vertex assigned to codeword i to the vertex assigned to 
value j in the column q-tuple k. An illustrative example is shown in Fig. 1. 

From this conversion process, it becomes clear that any equivalent-code-producing 
permutation will produce an isomorphic graph. This follows readily from the 
structure of the graph. Permuting the positions of the codewords will result only in a 
repositioning of the codeword vertices; their edges will remain unchanged. 
Similarly, permuting the symbol column positions will permute the positions of the 
column q-tuples without affecting the edges. Finally, permuting the values in a 
column will result only in the reassignment of values to the vertices within the 
corresponding column q-tuple. 

The nauty system produces a canonical graph for each graph presented to it. Each 
isomorphic graph is assigned the same canonical graph and each non-isomorphic 
one is assigned a different graph. Thus, to determine if two graphs are isomorphic, 
it is sufficient to compare their canonical graphs. Using these graphs as equivalence 
certificates is generally much faster than running specially written equivalence 
determination routines on each pair of codes. 

4.2.2. Graph-to-Code Conversion and Canonical Codes 
 
The process described above for determining equivalent codes is fast, but the 
structure of the graph requires a relatively large amount of memory to store. 
Specifically, each canonical graph has the same size as the original graph. In nauty, 



a graph is represented by its adjacency matrix, with each edge stored using one bit. 
Thus, it requires O(n2) bits for an n vertex graph. 

The space requirements present practical constraints on the search since the number 
of inequivalent codes produced during a backtrack search can be very large. To 
reduce the amount of memory necessary for storing the certificates, we modify the 
method as follows. 

First, note that each canonical graph produced by nauty is isomorphic to the original 
graph given it. This canonical graph is the same for all graphs within its 
automorphism group. We can determine the structure of a code by looking at the 
structure of the canonical graph. 

Each graph has two parts differentiated by colour, the column/value q-tuples and 
the codeword vertices. For a given vertex, we can determine which of those two 
groups it belongs to simply by considering its colour. Furthermore, there are only 
two kinds of edges within the graph itself: those joining codeword vertices to value 
vertices, and those joining column/value vertices within a column q-tuple. At least 
one vertex in an edge is a column/value vertex. If the vertex at the other end is 
coloured the same, then it must be another column/value vertex, and thus those two 
vertices are part of a column q-tuple. If the vertex at the other end is coloured 
differently, then it must be a codeword vertex.  

Hence it is possible to determine which vertices within the column/value vertices 
form column q-tuples. Once the q-tuples are identified, each can be assigned to a 
different symbol column from 1, . . ., n. Since each vertex is presented by nauty in a 
certain order, each vertex in a q-tuple can be assigned values from GF(q) based on 
that order.  

Once those values are assigned, we create a canonical code by considering each 
codeword vertex in the order presented by nauty. For each codeword vertex there 
will be n edges, each going to one of the n column q-tuples. If the edge from the ith 
codeword vertex goes to the vertex assigned value j in the q-tuple assigned to 
column k, then the value j will be assigned to the kth position in codeword i in the 
canonical code. Since there is one edge for each symbol within the code, it is 
possible to create a complete code in this fashion.  

The canonical graph created by nauty for the graph in Fig. 1 is shown in Fig. 2. This 
also demonstrates the process of converting a canonical graph into a canonical code. 
Therefore, the code shown in Fig. 2 is the canonical code corresponding to the code 
shown in Fig. 1. 

 



 

Figure 2: Conversion of Canonical Graph to Canonical Code 

Clearly, any given code is equivalent to its canonical code, and inequivalent codes 
correspond to inequivalent canonical codes. Therefore we can use canonical codes 
as equivalence certificates in the same way as canonical graphs. The primary 
advantage to using canonical codes over canonical graphs is that a canonical code 
can be represented in far less space.  

The search described here used an efficient representation system [4]. This system 
can store each (n, M, d)q code in using only O( log2 q n M) bits. In practice, for 
sizes and lengths of codes where there are significant numbers of inequivalent 
codes, storing a canonical code requires roughly 10% of the memory required to 
store the corresponding canonical graph. 

5. The Search 
 
The search itself used a standard backtracking algorithm. The algorithm 
incorporated the elements discussed previously: production of codes from smaller 
and shorter codes, lexicographic ordering, and equivalent code rejection. 

The largest previously-known code (10, 7)3 code has 14 codewords [2]. We first 
generate all inequivalent (10, 14, 7)3 codes and then attempt to extend them. Since 
we wish to produce (10, 14, 7)3 codes, we need to lengthen-and-extend (9, 7)3 codes 
with at least  14/3 = 5 codewords.  Each (10, 7)3 code could thus be produced 
from a (9, M, 7)3 code with M ≥ 5. Similar arrangements, illustrated in Fig. 3, were 
made for creating these base codes. 
 



 

Figure 3: Search Paths 

The search was able to generate all inequivalent (10, 7, 7)3 codes in roughly 1 1/2 
days on an SGI 400 MHz MIPS R12000 CPU. Unfortunately, the equivalence 
certificates for the (10, 8, 7)3 codes required too much space for storage, even using 
canonical codes. At this point, it became necessary to abandon the explicit 
equivalence rejection and thus generate some equivalent codes.  

A new search algorithm, identical to the first except for the lack of explicit 
equivalence rejection, was implemented in a distributed search using autoson [7], a 
tool developed by Brendan McKay for distributing processes over a network of 
workstations. We attempted to extend each inequivalent (10, 7, 7)3 code to create 
(10, 14, 7)3 codes. After 2 months of CPU time over a network of SGI MIPS 
R10000 and R12000 processors, a total of 363 codes were produced, 10 of which 
are inequivalent. Those 10 codes are given in Table 1. 

We then attempted to extend those 10 codes to (10, 15, 7)3 codes. No such codes 
were generated. Thus, A3(10, 7) = 14. This result agrees with [3]. Further, we say 
that there are exactly 10 inequivalent (10, 14, 7)3 codes. 

6. Future Searches 
 
Since A3(10, 7) = 14, we know that A3(11, 7) ≤ 42. Furthermore, we have 36 ≤ 
A3(11, 7) [1]. Suppose that we wish to use the same algorithm to attempt to extend  



 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
0222001221 
1012211200 
1121120201 
1202110022 
1220102110 
2102022011 
2120011102 
2201202202 
2211020120 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
0222001221 
1012221001 
1102022210 
1120011102 
1202110022 
1211102100 
2121120201 
2200221120 
2210012011 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121222001 
0222001221 
1012211020 
1101010222 
1220120110 
2022012102 
2102121200 
2201202120 
2210210201 
2211021012 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121222001 
0222211220 
1022002121 
1102021202 
1111101020 
1200212012 
2120010211 
2202120021 
2211022110 
2220101102 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1012211200 
1022020121 
1201222102 
1210012011 
1221100210 
2102022210 
2111120001 
2120011102 
2200201221 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1012211200 
1022020121 
1201222102 
1210012011 
1221100210 
2102022210 
2111120001 
2120011102 
2202201021 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1012221001 
1102101220 
1120011102 
1201020212 
2022022110 
2111002201 
2202112002 
2210211210 
2220100121 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1022002121 
1111010201 
1202220220 
1220110012 
2022211202 
2102122001 
2120021110 
2201002212 
2210201021 

 
 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1022002121 
1111020201 
1120101210 
1202110022 
2022211202 
2102122100 
2201002212 
2210011120 
2220220011 

 
0000000000 
0001111111 
0010122222 
0112200112 
0121212020 
1022002121 
1111021001 
1120101210 
1202110022 
2022211202 
2102122100 
2201002212 
2210011120 
2220220011 

 
 

 
Table 1: 10 inequivalent optimal (10, 14, 7)3 codes 

 



the (10, 14, 7)3 codes given here to large (11, 7)3 codes. Any (11, 7)3 codes with at 
least 40 codewords must be derivable from these codes and not from any smaller 
codes. Initial estimates made by evaluating a random subset of search paths from 
the (10, 14, 7)3 codes shows that this will take approximately 3 CPU weeks. 

If no (11, 7)3 codes with more than 39 codewords are generated by this process, 
then A3(11, 7) ≤ 39. We can then repeat our algorithm to determine all inequivalent 
(10, 13, 7)3 codes. From these, it will be possible to derive all codes with between 
37 and 39 codewords. Based on the search for the (10, 14, 7)3 codes, it will take 2 
CPU-months to produce the (10, 13, 7)3 codes, and random path sampling 
estimation shows that extending those codes will require another 3 - 4 CPU years. If 
any codes with ≥ 37 codewords exist, their existence can be used to establish the 
value of A3(11, 7) accordingly. If no such codes exist, then A3(11, 7) = 36. 
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